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ADVERTISEMENT. 

'f ^HE hnowledge of the Conic Sections is fo confi- 
-*■ derable apart of Geometry, and of fuch extenjtve 
ufefulmfs thro alimft all the praEikal as well as fpecula- 
tive bram:hes of that art, by which we conjider magnitude, 
motion or extenfton, that it would be meer vanity to pretend 
to a proficiency in the more abfirufe parts of thofe fiudies, 
or what we may call high mathematics, without a thorough 
acquaintance with the properties of the three feBions of 
a cone, which are the fubjeB of this tr^atife. The f pecu- 
lations they afford are indeed furprijing as well as enter- 
taining, and require no fmall degree of attention and ca- 
pacity. Hence the antients, who feem lefs lavip of their 
Praifes than the men of this generation, have honour d 
Apollonius the Pergjean with the title of the great geo- 
metrician^ for his exquifite treatife'.on this fubjeB, which 
indeed 'may be reckon d the elements of a higher fort of ge- 
ometry, as the circle and triangle, which may be alfo con- 
ceived as arifing from the feBion of a cone, are confider- 
ed by Euclid in his hyiifg. the foundatiqns of the loweji and 
mofl fimple'land of geometry, whofe confiru£tioh extends 
not beyond the rule and compafs. It would be eafy to en- 
large on the ufefulnefs ami neceffity of this branch of the 
mathematics, in order to any confiderable progrefs in thofe 
fiudies; but we Jhall only add, that as this book has beett re- 
commended, by good judges, for one of the befi, as well as plains 
efi, in its kind, we thought we could not do a more effec- 
tual fervice to the young fludent in thefe fciences, than to 
oblige him (the firfi impreffton being become very fcarce) 
with a new, and much cheaper edition, which is printed in 
quarto, to accommodate thofe who Jhall think fit to biTtd it 
up with M^Mifcellanea Curiofa Mathematica. As for the 
refl the reader is referrdto the author s Preface, 

D,f|t,z.d>,.V^Vl_»Ot^lC 
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THE 

PREFACE. 

MY defign in this treatife, being to 
demonftrate the principal pro- 
perties of the Co»ic SeEiions, in 
the moft eafy manner ; I {hall 
not confine myfelf ftri6tly either to the analy- 
tic^ or J^nthetic method, but (hall ufe both 
indifferently, as I flial! find the one or the 
other beft anfwer that end. 

Neither (hall I fcruple to borrow, or alter 
what I find for my purpofe, in the writings 
of others on the fame fubjeft. 

Mr Walton, on perufing the manufcript, was 
pleas'd to communicate fomc properties, 
which the reader will find in the Italic 
charafter. The 
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The iSgffj and CharaSiers^ ufed In this 
Treatife. 

.-. Therefore. 

[| Parallel. 

Z. Angle. 

L_ Right-angle. 

Parallelogram. 

A Triangle. 

tf-|-^|' Square of a+^, 

« Difference, or excels. 

/ Square root of the cube of/, 

tf : £ : : ( : ^ Propoitionality. 
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Conic Se6lions. 

Pa R T I. 

0/ /-&^ P A R A B O L A. 

The Genesis. 

"*"¥" F from a point V, in any indefinite right line, there be taken p;- ,, 
I V D=:V K, and, from the point K as a center, with the di- 
■*■ fiance D G, you interieft C M, perpendicular to D G, in the 
points C and M, thofe points will be in the curve of a Parabola. ' 

Definitions, 

1. The point V is the vertex, and K the focus of the Parabola, 

2. The right line D G, pafling thro' the focus, is called the axis. 

3. A right line perpendicular to the axis, and terminated by the 
curve, is an ordinate to the axis, as G C. 

4. The diftance (in the axis) from the vertex to the interfedtion 
of the ordinate, is called the abfciHa of that ordinate, as V G. 

5. A right line drawn from any point of the curve, and parallel 
to the axiSj is called a diameter, as C Y j and the point in the curve, 
from which it is drawn, is called the vertex of tint diameter. 

PROPOSITION!. 

THE &uare of any ordinate, is equal to the redangle of the pig. 1 
abfciffe of that ordinate into quadruple the diftance of the fo- 
cus from the vertex, that is, G C q=V GX4KV. 

Demonstrat ion. 
Put K V=V D=q, V G==x, and G C=y; then, (by tlie Genefs) 
G K=g ui x,andDG=CK=g-\-x ; but (by 47 £. i.) K C q= 
KGq -fG C q, that is, ff'-f 2J'a:4-jc'=9* — 2y;e-f x*-|-y', ot ^.gx 
=y, ;\f. GC4=VGx4KV. ^E. D, 

Co Ji- 



,Ogk 



6 0/ ti^e VARABOL A. Part I. 

Corollary I. 
The fquares of the ordinates are to each other as their abfciflas,. 
becaufe Y*=4jX, andy=4yAr, therefore Y* :y'- ;: {^qX :^qx::) 
X : X. 

Definition. 
Tlie quadruple of the focal dWlance is called the parameter of the 
axis, and is a third proportional to any abfcifla and its ordinate. 
I'or by putting 4?=/, it will be px=y*, therefore x : y : : y : p. 

Corollary 11 
The ordinate, which p^es dirough the focus, is equal to half 
the parameter of the axis. For, in this cafe, x=q, therefore (by 
the pnopoiition) 4^'==)'*, and^= (2?—) ip- 

PROPOSITION. II. 

FJg. 2. A S the parameter of the axis is to the fum of any two ordinates, 
a\. fo ia their difference to the difference of their abfciffas ; that 
is, ;> : I N : : N O : N C. 

Demonstration. 
PutHO^Y, GC=> VH=X, andVG=«; then (by Pro^. 
i.)^X=Y% ^Apx=f, therefbre/X— /*=Y*— /, and^ ; Y 
J^.y::Y-y:X~x; that is, /► : IN : : N O: NC. ^E.D. 

PROPOSITION in. 

pjg - T F from the vertex a right line be drawn fo as to cut the curve, 
X and continued till it meet any ordinate produc'd, it will be, as 
the parameter of the axis, is to the ordinate drawn from the interfec- 
tion wi(i the curve, fo is the produc'd ordinate to its abfcifla, that 
is, /:GM::HS:HV. 

.Demonstration. 
LetHS=^, VG=x, VH=X. HO=Y, andGM=>'. Then 
(by Prop. I.) ^y^ : Y* : : (x : X : : by fimilar A's) y ', b ; therefore 

Jl—Y^^pX, OT^y=pXy that is, /:^::*:Xj or, p:GM 



::HS:HV, 9.E.D. 



PRO- 
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Part I. 0/<& P A R A B O L A. 

PROPOSITION IV. 

F from any point D, in the axis produced, a right line be drawn 
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interfering the curve in two points C and I, and the ordinates 
C P, I H be drawn from the faid interfeftions ; V D, will be a 
mean proportional between V P and V H. 

Demonstration. 
Put VD=*, VP=>r, VH=X, then PD=*+Ar, and HD=i 
+X ; but (ii-om fimilar A's) PDq : HDq : : PCq : IHq : : (by 
Prop. I.) PV : HVi that is. b'+ zbx+x' : A'+ziX+X' .-.x: 
X. Therefore X — ;rx3*=X— xxXat; or i'=Xx, that is, x : b 
::A:X, orVP:VD:: VD:HV. ^E.D. 

PROPOSITION V. 

IF any right line touch the curve, and an ordinate be drawn from 
the point of cMitadl, then, I fay, the abfciffi of that ordinate 
ihall be equal to the diftance (in the axis produced) from the vertex pjg .; 
of the curve to the interfeftion of the tangent, that is, G V = V T. 

Demonstration. 

Let rF be an indefinitely fmall part of the curve, and continued 

to T, draw rs || to the ordinate, and F^ j| to the axis, and let F^= 

n, rp=m, VT=a; and the other fymbols as ufual. Then Vj= 

x-f-«j iind rs=.y-{.m ; and by fimilar A's m:n :: y : x-^a ; tliere- 

forenx^=(^=)*+tf; and {hy Prop. i.)pxVs=Jr\^ ', and/x 
VG=GFq, that is, ^M-]-^x=y'-f 2_ym+m% and ^Ar=^'', there- 
fore y^'j~2ym—pnt=3 (^xa=) y* -, .that is, n=-^ — ; and confe- 

quently, jf-{-<7=( -2_xi-=X=_£_=) 2a'. And a=.x, or, 
\ p m p p 

VT=GV. %KD. 

PROPOSITION VI. 

IF, from the point of contadt, a right line be drawn to the focus, 
it will be equal to the diftance (in the axis produc'd) fi^om the 
focus to the interftdion of the tangent, that is, KF=KT. Fig.+. 

Demon- 



5 Of theVK'^ A B O L A. Part I. 

Demonstration. 
By Prep. 5. GT^zj!:, and (by Prop, i.) KG=x—ip, .-.KT 
^[GT—¥J:i=2x—x+\p=x-\~fp=(byt\\tGeneJis)K¥,^E.D. 

PROPOSITION VII. 

IF, to the tangent, from the point of conta^ a perpendicular be 
drawn, and produced to meet the axis, then the diftance in the 
axis from thiLt point, to the ordinate drawn from the point of con- 
tuft, that is, the fuinormaly is equal to half the parameter of the axis, 
F'g-S- that is, QG=ip. 

Demonstration. 
For QG put i, then (by 8£a. 6.) GT : GC : : GC : GQ^ 
that is, 2x •.y::y: b, .-. 2xb=-[y^ =)px, whence i=ip, or, QG =ip. 

PROPOSITION VIII. 

THE diftances from the focus to the point of contaft, from the 
focus to the interfeftion of the tangent with the axis, and from 
the focus to the end of the fubnormal are equal, that is, FC^FT 

Demo^jstration. 
Fig. s. By the Genejs GF=x—ip, and (by Prop. 7th.) 00=4-^, .-, FQ 
=(GF+GQ=:c+i/= (by the Genejs) FC={hyProp. 6.) FT. 
^E.D. 

Corollary I. 
Hence F is the centre of a circle paffing through Q^ C, and T. 

Corollary II. 
The angle formed by the tangent and ims k equal to half the 
angle formed by the axis, and a right line drawn from the focus to 
the point of contaft; that is, Z.CTQ=4z.CFQ, by 31 Eu. 3. 

PROPOSITION. IX; 

IF, from the vertex, a right line be drawn parallel to an ordinate 
drawn from the point of contact, and cut tne tangent, the fquare 
of that line fliall be equal to the reiftangle of half the parameter of 
the axis into half the abfcii& of that ordinate, that is, V R q= t/ x 
4GV. 

Demon- 

DintizPrtbyGoOt^lC 



Part I. 0/APARABOLA. 9 

Demonstration.' 
lMVR=i, the As TVR, TGC arc fimihr, but VT=;. 
GT, by Prop. 5. .-. VR=iGC; that is, i=i;', .-. i'=(;/-=by 
Prop. 1.) ify^ix, or VRq=i/XTGV. §^E.D. 

PROPOSITION X. 

IF to the tangent drawn to the vertex of any diameter a right line Fig. 6. 
be drawn parallel, the part of that, line which lies within th^' 
curve, ihall be bifeifted by the diameter, that is, the ordinate xl>=liz. 

Demonstration. 
Produce the diameter Y^, and draw KR, VS parallel to the 
ordinate FG ; then, 

1. AGFTorD GS: aKzP :: (GFq : Kzq:: GV:KV 
::by I £. 6.) D GS: Q KS, .-. AKkP=DKS. 

2. AGFTor QGS : AH;cP:: (GFq: H*q::GV:HV 
::) QGS: QHS, .-. AH*P=DHSi but AHa:P-AK2:P= 
QHS— DKS, ;. I. the figure HxzK=QHRj from which ta- 
king the common figure HY^kK, there remains the AYxi= 
and fimilar to the A^Rz;, and confequentLy xi=^2f; ^ E. D. 

Corollary. 
The figure iFTP=AYi*, becaufe AGFT=DGS, there- 
fore the figure HYFT=(DHF-1-aGFT= OHF-|-OGS=n 
HS=) AHxP, fi-om^which taking the common figure HYiP, 
there remains the figure ^FTP=5:AYxi. 

Lemma. 
If FT be II to bp, a^ the Abrz= Trapezium F b Tp, then Fig. ii. 
FT-|-iJ/>xF4 = *rxz«l)ecaufe (by Hypothefis) ¥T+bp%p= 
zbxq, .• ■ FT+^^ : ziff : y : ^ : : (by fimilar As) rb -.bV^ and 
VTXbpf.Vb=zbyibr. ^E.D. 

Definition. y^ 

Let FS : FO : : 2FT : P, the parameter belonging to the diame- jr ,. 
terFY; then, . , 

PROPOSITION XI. 

THE reiSangle of the parameter (fo obtained) into any abfcifla ^, ^ 
of that diameter, is equal to the fquare of the ordinate of that '^■ 
abfciila, that is, PxFi=aK?|'=?zl'- 

B D E mon- 



ro 0/ ^-6^ P A R A B O L A. Part I. 

DeMONSTR-ATION. 

Bythedefinidon -^pr7s==-rr7r====byiirnilar As, xyJ^^^O^ythe 
preceding Lemma) 2FTxF6=y&x6x, .•. (—pp=iX2FTxi>F=-^ 

PROPOSITION XII. 
Fig. J. nnHE parameter of any diameter is equal to the parameter of the 
X axis, added to quadruple the abfcilla of the ortunate drawn fi-otn 
the vertex of that diameter, i. e. P=^-[-4G V. 

Demonstration. 

From the vertex draw V^ parallel to the tangent F T, which (by 

Trop. 10.) will be an ordinate to the diameter FY. Then, by rea- 

. fon of parallels *F=VT=(byPro^. 5.) GV=:c, and by the.Iaft, 

Px=(/Vq=FTq=FGq-f GTq=4j:*+/=) 4x'+^x, .-. P=: 

{4x+/orJ/+4GV. ^£.Z). 

PROPOSITION XIII. 

THE diftance from the focus to the vertex of any diameter is 
equal to onefourth.of the parameter of that diameter, that is, 
KF!=-Jp, 

Demonstration. 
By the laft, P=*+4VT, and (by the firft)^=4KV, .-. P= 
4KV+4VTJ and ^P= (KV+VT==KTs:= byPro^. 6.) KF. 

PROPOSITION XIV. 

IF, from the focus, a perpendicular be drawn to any tangent j then 
the fquare of that line fliall be equal to the re<Sangle undo* the 
focal diilancx, and die diftance of the point of contact from the fo- 
cus, i. f. KOq^KVxKF. 

Demonstration. 
From the vertex draw VO [[ toGF, which will coincide with 
the point O, becaufe (by Frop. 5.) G V=VT, .-. (by 2 E. 6.) TO 
=sOF, and becdtrie ^KOT is right, .-. (by the 8 E. 6.) TK : KO 
: : KO : KV, and KOq= (TKxKV) FKxKV. ^ £. D. 

PROPO- 

DintizoribvGoOglC 



Part I. 0//^5 P A R A B O L A. - 

PROPOSITION XV. 

IF an ordinate to- any diameter pafs through die focus, then the 
abfciffa of that ordinate fliall be equal to one fourth, and ihc or- 
dinate equal to onehalf of the parameter of that diameter. 



Demonstration. 

1. From parallels, ^F={KT=by Prop. 6. KF=by Prop. 1 3.)iP. ^^i- 7- 

2. Since ^F=4P, and (by Pro/J. ii.) Px^F=^Cq, .-. iP' = 



wnt 

PROPOSITION XVI. 
I ^HE diftance (in die axis) from the interfedtion of the tangent, 
lid) JL totheendofthefubnormal, is equal to half the parameter of 
u- tfiat diameter, whofe vertex is the point of contaft, that is, QTsktP- 

he' 
' Demonstration. 

•' By Prop. 13. FK=^P; and (by Pra^. 8.) FK=QK=KT, ^ 

.-. QT=c^^-|-KT=iP+4P=)4P. ^E.D. ^^ 

PROPOSITION XVII. 

^, TF a double ordinate be drawn from the point of contad):, and an- 
i other double ordinate be drawn below, and cut the tangent 
produc'd : Then as the double ordinate paffing through the point 
, 1 of contadi:, is to the fum of the two ordinates, fo is their difference, 
'•- to the external part of the lower ordinate added to the difference qf Fig. 8. 
' the ordinates, that is, MF : OL : : IL : BL, 

Demonstration. 
Let VG=x, then (by Prop. 5.) GT=2x, FG==y, OL=.f, 

IL—m, and hB=d. Then (by Prop. 2.) /^ : c : : w : — = LFj 

and J&om fimilar AS, 2x ty :: —- : if^ .: zpxd—ymCf and(be- 
cauie px^y*) zyd^^mc, or 2y :c:: m: d, i. e, MF : OL : : IL 



; BL. ^£. 



PROPOSITION XVIII. 
'^HE fame things being fuppos'd as before j the difference of 
the ordinates is a mean proportional between the double of 
B2 -" the 

D,f|t,Z.d>:V_-.OO^Ie 



12 0/ />6e P A R A B O L A. Part I. 

Fig. 8. the upper ordinate, and the external part of the- lower, /. ^. FM : 
IL::IL:Br. 

Demonstra'Vion. - * 

For BI put Cy IL, w, and FM, 2_y, then OL=2_y-]-m, and (by 

Trap. 17.) 2y : iy-\-mx'..m.'. d, .: </=... /.— X — j and c=[d—m 
= ?2:^±^-;B=)^i thatie, FM:IL::IL;BIv 9^E:D. 

PROPOSITION XIX. 

THE fame things being lliU fuppofed; as the double of the 
lower ordinate added to the external part, is to the fum of the 
t^vd-prdinates, fo is the external part of the lower ordinate-added to 
the difference of the ordinates, to the difference of the ordinates, 
that is, OB:LB:: OL : IL. 

Demonstration. 
LetOL=ir, l.B=^d, IL=«,; then OB=c+(/, andMF=(r- 
m. But (by Prop. 17.) MF : OL : : IL : BL j that is, c~m : c 
:: m : d, .\cd — dm=:cm ; and cm~\~dm=cd i or c-\-d : c : : d :m; 
that is, OB : LB : : OL : IL. %£. D. 

PROPOSITION XX. 

STILL fuppofingthe fame things; having OI, and BI given, it 
is required to find IL. 
LetKL=:*, IL=ff;, BI=^, and OI=fj then (by Pro^. iS.' 
KL : (MF) IL : : IL :.BI, that is, b : m :: m : a, .: ba^m; 

and*=— jalfo<:= {b-\-zm= h2m=) ■ ^, .•.ac=.m^-^ 



zam. Whence m=-f^a-^cxa^a. 

Corollary. 
Hence irom a point B without the curve (and not in the dX' 
produc'd) wc may draw a tangent. For if, from, the given pob- 
we draw I O perpendicular to the axis, and then ^nd a mean prc- 
portional between OB and IB, from which ifwetakelB, and l"c; 
the remainder from I to L J and then from L, draw LF, paralit. 
to the axis, the point F is determined, to which, if from tlie give 
point B, a right line be drawn, it will'touch the curve. 

<- PRO 



Part I. Of thP A K ABO L A* 13 

,P R O P 0-S I T I O N XXI. 

IFF? touch the curve in F, and, from any points M, S, in that 
tangent the right lines BM, SD, be drawn jj to the axis, and 
cut the ordinate in B and D i then MO : FBq : : SR : FDq. ^'S-9' 

Demonstration. 
Let M0=^, FB=f,- S-R==</, andFD=^, alfo GV=VT=x. 
Then hy Prop. ;i.. *:> ^.: : (FTq: FMq : : by fimiliar As) "/ : ^/ 
c^, and X : d ';•. (FTq : F&q : : by iimilar As) f : ^*, .-. (by equa- 
Uty)^^ : c* : : V : >% or MO : FBq : : SR : FDq. k^E. D. 

PROPOSITION XXII. 

IF, . fcom any point in the tangent, a right line be drawn parallel 
to the axis, and cut an ordinate, the reftangle of the parameter 
of the axis into the external part of that line, is equal to the fquare 
of the ferment of the ordinate intercepted between that line and the 
pointofcontadtj thatis,/xMO=FBq, or^xRS=FDq. 

Demonstration. 

Bythelaft,^=^/=by Pro^ I.)/*; alfo^=: (y'=) px, .: 

/^'=i:^andi/'=J*i^^.)>xMO=FBqand/xRS=FDq.^£.D. s^ 

PROPOSITION XXIII. 

IF F P touch the Parabola in F, and if, from any point S, in the Fig. 9. 
tangent a right line S D, be drawn parallel to the axis, and cut 
another right line F C drawn from the point of contadt any how 
within the curve ; then the curve fhall cut the firft line in the fame 
proportion that the firft line cuts the fecond ; that is, S R : R D : : F D: 
DC. 

Demonstration. 
Draw(P-C parallel to SD, and let CP=r, RS=(^FS=^,-RD 
=/, PS=w,FD=^, 3ndDC.-=/j. Then<r:r:: (^:^^' i:by fi- 
milar As) g^:'g-\-lA> and^hy fimilar As) r:g-irh::c-^p:g, therefore ' 

fgh; and dividing by .g-+4, cb=pg, or c:p::e:h; Ornis, :SR: 
KD::FD;DC. ^E.D. 

PRO- 

Di,iii-si-.,^-,i_>o^le 
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14 0/ M? P A R A B O L A. Part I. 

PROPOSIIION XXIV. 

''* ' A ^ *^^ abfcifiii is to the fquare of the ordinate, fo is any right 
jCx line drawn witliin the curve, and parallel to the axis, to the 
redlangle of the parts of the ordinate which it divides ; that is, VG : 
FGq::OB:FBxBC. 

Demonstration. 
LctOB=;OT,FB=f, BC=r, M0=^, then (hyProp.2j) x-.b 

::y;c'*, and (by the kft) ^lOTti^-tr, .'.—;-= (A=) — j and rcx=^ 

OT/,or*:/::/B:rc;that is, VG:FGq::OB:FBxBC. ^ £. D. 

Corollary. 
OB:FBxBC::RD:FDxDC. Becaufe (by this P«*.) OB:FB 
xBC::(VG:FGq::)RD:FDxDC. 

PROPOSITION XXV. 

[F a tangent cut any diameter produced, and if, from the point of 
contaS, an ordinate be drawn to that diameter ; then the difhnce 
(in the diameter produced) between the vertex and interfedtion of 
pj , g the tangent, fliall be equal to the abfcifla of the ordinate, that is, R S 
' =SO. 

Demonstration. 
Let OS=sx, Cr=OP=ff, tr^m^ RS=tf, 00=*, and then 
P/, (which is luppofed to be indefinitely near to OC) wul be=y+m, 
and SPs=:x4-ff. Then by fimilar As m ; a ; : ^ : x-f-tf, .*. x-\-a=n x 

2.,andhy Prop. ii.^xSO=:OCqi alfo>>xSP=Pfq, /. ^.^*=y% 

aod/jf+/»=y*+2;f«j+/s* J whence/*=^*+2^«^^«, .■._)>'= 

y*-{-2ym—pn, or 2^«=/;7, and»=;-^; alfo (by fubftitution 

from the firft equation) *+tf=i-^x^=5-^=-^s=) a^fiand 

^ \ p m p p ' 

fl=:2*— *=)*j or, RS=:SO. ^E.D. 

PROPOSITION XXVI. 

IF a diameter be drawn from Ae interfeAion of any two tangentsj 
it will bifed the line which joins the points of contad. 

D EMON^ 
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Demonstration. 
■ From the points of contadt (Y, C,) draw the ordinatcs Yo, COj 
then by the laft, RS=SO, and RS=So, .-.80=55, and confe- 
quendy Yo and CO being ordinatcs to the feme diameter and ab- 
fciila are equal, and in the fame right line. ^ E. D. 

Corollary. 
Hence we have another method of drawing tangents to the Para- 
bola from any point without the curve. For, if from the given 
point (as R) you draw a diameter (as R P), and in that diameter fct, 
from the vertex, the abfciik (SO) equal to the external part (RS), 
and then through the extremity of the abfcifla (O) draw a right 
line parallel to 5ie tangent (xy) at the vertex of that diameter, the 
extremities of that line (as C, Y,) will be the points in the curve in 
which lines drawn from the given point will touch it. 

PROPOSITION XXVII. 

JF, Jrom the extremity of any ordinate (x b) to a diameter y a right Fig. 6. 
■* line (as x Y) be drawn at right angles to the diameter j then the 
dijiance (x Y) in that line from the extremity of the ordinate to the 
dia/netery Jhall be a mean proportional between the parameter of the 
axis, and the abfcijfa of that ordinate; that is, p : xY : : xY : F b. 

DZMONSTRATION. 

Put xY=ay F*=X; then (by Prop, i.) FGq=)>x, an d (by P n^. 
5.) GTq=4x", .-. (by 47 E. i.) FTti^px+^x'^p-^-^xxx. 
Uat (by Prop. i2.)xiq=^+4xxX, and from fimilar AsFTqi 
FGq : : xbq ; xYq; that is, p+^xxx : px : : p-\~4.xxX : a*y .•. 
a'=pX, mdp:a.:aiX,orpixY::xY:Fb, ^E.D. 
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Conic Se6tions. 

Part II. 

Of the EL LIVS E. 

The Genesis. 

IF, upon a planej any right line be taken, as AB, and BH= 
A K, and the point G be taken any where in that Kne ; then, 
if, with the radius AG, from ^he point K, you defcribe an 
arc at F, and with the radius GB from tlie centre H, you interfedt 
the former arc, and if, from the points H and K, you draw the 
lines HF, KF, I fey HF-f KF=Aa For (bv conftrudion) KF 
=AG, andHF=GB, .-. HF+KF=(AGH-GB=) AB. In 
like manner an indefinite number of points may be found, and if a 
curve line be drawn through them, it is called an ellipfe. 

Definitions. 

1 , The points H, and K are called the foci. 

2. A diameter is a right line which pafles through C, the middle 
ofAB, and bife£ts all lines within the curve, that are parallel to 
the tangent which touches its vertex, and the lines fo bifefted are 
called ordinates to that diameter ; fo FY, is a dldJJieteZjX 0=0 z, are 
ordinates, being parallel to the tangent which touches the curve in 
F, the vertex of the diameter, 

. 3. The point of concourfe (C) of all the diameters Is called the 
center. 

4. That diameter to wliich the ordinates ftand at right-angles is 
called the tranfverfe axis, as AB j and that which paiTes through the 
center, and cuts it at right angles, is called the conjugate axis, as 
ED. 

5. The point, where the ordinate interfedts the diameter, is called 
the point of application ; as G, and 0. 

6. The fegment of the diameter intercepted between the vertex 
and point of application, is called the abfcifla j as Fo, Y ; or BG, 
AG. 

PRO- 
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PROPOSITION!. 

AS the fquare of any ordinate to the tfanfverie axis, is to the rect- 
angle of the abfcifias which it divides ; fo is the fquare of the ^'S- J- 
■ conjugate, to the fquare of the trinfverfe axis. 

Demonstration. 
LetAB=^ DE=<:, KC=^. CG=x, FG=>-, and FH^^j 
then KH=2^, and KG—6-\-x, GH=* to x, and (l>y the Genc- 
/is) KF=/— 2:, the points K and H being the foci. Then KEq— 
ECq=KCqj that is, ;/'— -5-^*=^% by 47 . E. 1. and (by the 
13. and 12. £. 2.) KFq=FHq+KHq:i:2KHxHGi i.e.t'— 

2tz-\-z*s=zz'-\-^h^-\'^i>x — 4^*; .'. z= ~ — ; and by fquaring 

both fides, ^ = (z*=FG'+GH*=) /+*'— 

2, ^x-\-x^ ; which being clear'd of fradions and contradictory terms 
will be /*-f-i6^''*"=4''^'+4^''^'+4''^' J and fubftituting, for 
i63'and4^' in this equation, their rcfpeftive values inthefirft, 
and throwing out contradiftory terms, and dividing by 4, we ihall 
have/'^*=i/*r'— c'«'j which reduced to an analogy gives ^* : 
4?+*x4/— x::c\/'i/.^. FGq:AGxGB::DE':AB'. ^E.D. 

CoROtLARY. 

Let any abfcifla be x, and its ordinate y, the tranfverfe axis /, and , 
the conjugate c (which fymbols reprelent the lame things in all 
. the following demonilrations) then by this 7%eorem, t'tc*::t — xxx: 
jy', or ty^~c^tx—c*x* ; which I call the equation of the curve. 

Definition, A third proportional to the tranfverfe and conjugate 
axes is called the parameter of the axiS; that is, if you put/ for 
the parameter, then t: c:: c-.p^ .*. tp^c*. 

PROPOSITION II. 

AS the tranfverfe axis, is to its parameter ; fo is the reiSangle of 
any two abfcillas, to the fquare of the ordinate which divides 
them. 

Demonstration. 
By the conJlruCtion of the parameter tp^c*, and by putting fp 
in the equation of the curve for f% we fhaU have a new equation of 
C the 
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the curve in the terms of the parameter, &c. viz. /^*=//*— ^x% 
OTy*—t>itx—x\ .•.tipy.t—xxx-.f. ^B.D, 

Corollary. 

As the redbngle of any two abfciflas, is to the fquare of the or- 
dinate which divides them ; fo is the rectangle of any other two ab- 
fciflas, to the fquare of tlie ordin ate w hJcli divides them : forj (by' 
this Prep.) i—x>ix:y'i:(f:p::) ?— XxX:Y'. 

PROPOSITION III. 

THE tranfverfe axis into one fourth of its parameter, is equal to 
the rectangle of tlie greateft and ieaft diffcance of either focus 
from the vertex; that is, :/'xAB;=AHxHB=BKxKA. 

Demonstration, 
LetHB=y, then HA=/— y, and CH=4-^— y. ButHEq= 
ECq+CHq. /'. f. t^*=4^*— /J+?'H-t(^', or /-r-yx^= (^£-*=) 
itpi or -i/x AB=AHxHB. ^E. D. 

Corollary. 
The femi-conjugate axis isa mean proportional between the great- 
eft and leaft diftance of either focus Irom the vertices : for fince 
t—e(xg=ic\ .: t—q : id-Ac: g; that is, A.H:CD::CD : HB. 

P R O P O S I T I O N IV. 

THE parameter of the axis is double the ordinate applied to 
the focus. 

Demonstration. 
P; Let the focal diftance be q, and the ordinate paffing through Ae 

focus _y; then (by the 2.) t:p::t~-q%q: y". But (by Pro/. 3.) t—q 
xq~itp, .:. t\p:x\tp: {^p'=^)f, ^nAip=y,ovp=2y. ^E. D. 

PROPOSITION V. 

I~T^ H E diftance between the foci is a mean proportional between 
i the fum and difference of the tranfverfe and conjugate axis j 
:\c.AB+DE:KH::KH:AB-DE. 

Demonstration. 
ForKH, put l>; then KDq— CDq=KCq; t.e.if^—ic'= 
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ili',oxf—c'=b\ :-. tJrc:b::b:t—c;w K'a+'DZ-.Kli-.-.KB:: 
AB-DE. ^E.D. 

PROPOSITION VI. 

A Fourth proportional to the conjugate, tranfverfe, and any or- 
dinate, is equal to a mean proportional between the ablciil^is 
of that ordinate. 

De.monstration. 

Let the fourth proportional be ^j then c:t::y:b, .■.-^=^;but(by 

Prop. i.')t':c'::t—xxx:f, .: (b;r 22. E. 6.)t:c:-yt—x».x:}jmi ^'^' *' 

PROPOSITION VII. 

THE diilance between the foci, is a mean proportional between 
the tranfverfe axis, and the difference of the tranfverfe axis and 
the parameter; /.f. AB:KH:;KH:AB—LR. 

Demonstration. 
KDq— CDq=KCq; that is, if—ic'^H', or t'—c'=i'; 
hatff=c; .: f—tp=6; and t:i::i:t—p, orAB:KH::KH: 
AB-LR. ^E.D. 

PROPOSITION VIII. 

AS, the fquare of any ordinate, is to the rectangle of its ablcillas > 
fo'is the fquare of the conjugate, to the iquare of the conju- 
gate added to the fquare of the dHbmce of the foci ; that is, F G q : 
AGxGB::EDq:EDq-|-KHq. 

Demonstration. 
KEq=KCq +CEq ; i. e. if=ii'+ic; OTf—i'+c'; but 
(by Pro/.. I.) f:t—x>ix::i:':(t'=)i'+c'i or FGq:AGxGB 
::EDq:EDq+KHq. $^E.D. 

PROPOSITION IX. 

AS the iquare of any ordinate, is to the redangle of its abiciHa 
into the parameter; fo is the diiference between the fquare of 
the conjugate axis, and the rectangle of the abJcUla into the para- 
C 2 . meter, 
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meter, to the fquare of the conjugate axis; /. *■. F G q : B G x L R : : 
E D q— BGTLR : E D q. 

^' Demonstration. 

Fig.+.v^ By theequation of the curve, ^;'*=c'/;f— c' ;c'. But— =/^> .'. 

(by iubftitation)-^=— f:'Ar% znAc'- f-=.c^ px—f- x^; i. e.y'-i 

px::c'—px:c'; or FGq:BGxLR::EDq — BGxLR; 
EDq. ^E.D. 

PROPOSITION X. 

/ A S the fquare of the conjugate axis, is to the fquare of the tranf- 
-iV verfc axis J fo is the re<5langle of any two abfcifias of the con- 
jugate axis, to the fquare of the ordinate which divides them; ;'. e, 
DEq:ABq:;DhxhE:Fhq. 

Demonstration. 
LetEh=y,and Fh=y; then (by Pro/, i.) ABq:EDq: : 
N^ AGxGBq:FGq. But (by 5. B. 2.) A GxGB=C^'— 

FT?*, and ctl'= (F G q=) C E q-D hxhE, .-.( by fubftitution) 
ABq:EDq::CBq— Fhq:CEq— phjihEjthat is. f':c* 
: : -i- ^' — y* : i c'' — c x-\-x* j which reduced to an equation produces 
c^ y^-=t'- ex — /' X*; i. e. c*:?* : :c— xx *: y'j or DEq: ABqr; 
DhxhE:Fhq. ^£.D. 

Definition. 
A third proportional to the conjugate and tranfverleaxis, is. a pa- 
rameter to the conjugate axis ; that is, p being put ior the parame- 
ter, £■:/: :/:^, .'. (7^=/*. 

PROPOSITION^ XL 

AS die conjugate axis is to its parameter, fo is the reflangle of 
any two abfcilSs of the conjugate axis, to the fquare oif the 
ordinate which divides tbtm. 

, ^ D E MO nstration. 

«/ For t\ in the laft equation, put its equal cp-^ then cfsscpx^ 
p X'; i. e.c:p:: c—x x x :/. ^ E. D. 

PROt 
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PROPOSITION XII. 

AS the iquare of amf ordinate of the conjugate, is to the reftan- 
gle of the abfci^s which it divides ; fo is the fum of ftie 
fquares of the diftance of the foci ■ and the conjugate axis, to the 
iquare of the conjugate axis. 

Demonstration. ' 
By the \o.f\cx~~x^;\t^:(;^, and (by 47. £. i.) /*— ^*+t:'. Fig . 
.-. {by fubftitution / : c x—x'^ : : ^'+£^ : c*-, that is, F h q : Dhx hE 
::KHq;fEDq:EDq. ^E.D. 

PROPOSITION XIII. 

IN any tangent to the Ellipfe, if, from the point of contaft, an or- 
dinate be drawn to the axis, and the tangent continued to cut 
the axis produced ; then it will hold, as the diftance (in the axis) 
between the center and ordinate, is to the abfciflk of that ordinate j 
fo is the remainder of the axis, to (the diftance between the ordi- 
nate and intcrfeiSion of the tangent with the axis, that is) the Sui- 
tangent i VIZ. CG-.GB-. : AG :GT. 

Demonstration. 
Let F p be an indefinitely fmall part of the curve, and continued 
to cut the axis produced in T; draw the ordinate F G, and, parallel Fig. y. 
to it, p q, draw alfo F r parallel to the axis, and, for F r, put », p r, 
m, andpT, d. Then is Bq=x+«, Aq=/— jf— », pq=^+m, and 
G T=:a-{-x. But (by fimilar As) p r : r F : : F G : G Tj /. f. ot : « : : 

y:x-\-a, .•. n xi =x-\-aj and (by Prop.2.)t:p;:tx—x*-{'fn—2 

xn—n'-:f-Jr2y.m-\-Trf. Alfo, t-.pwtx — x*:/, .'. pt x^px*-\- 

p t n—2 p X n=t f -^z't y m, and tf=ptx—p x*, .'.pt x — ^^4" 

p t n—2'x n p—2 1 y m= (/>*=) pt x~px^^ or ptn—z nxp^= 

. ziym , , y ztym y • 

^ pt—2px m pt—2px m 

-^x = (becaufe, by the 2di / j?— x*=-^ )-- =) 

p /— 2X ^ ~ ^ J pj t—zx 

'iz£,....U-x:af::/-*:x+tfj or C G : GB : : AG : G T. V^ . 

it~X 

^E.D.. 

PROPOSITION XIV. 

AS the diftance fiom the center to the ordinate drawn from the 
jxjint of contaa, is to half the tranfverfe axis ; fo is half the 

tranf- 
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tranfverfe axis, to the diftance from the center to the concurring of 
t!^ tangent with the axis produc'd ; /. e. CG : CB : ; CH: CT. 

D E M O N § T R A T ION. 

CT=CG+GT; but CT=4-/+<7, CG=^/~jf, and {by Prop. 
13.) GT=^i^=^, .■At-{-a=at-x-\-'4^^==)-,^^ithat 
is, U—xiU:: It: i/-i-tf j or CG : CB: : CB : CT. ^E.D. 

PROPOSITION XV. 

AS the diftance from the center to the ordinate drawn from the 
point of contadt, is to half the tranfverfe ;. fo is the abfcilTa 
of that ordinate, to the external part of the tranfverfe j that is, C G 
:CB::GB:BT. 

Demonstration, 

Bythe 14. it-\'a=~ , .•. i^+^ta—^t x~xa='it^. and 

st — X . 

, i.e.itx~x:4:t::x:ai or CG :CB: : <?B:-BT. 



it—x 

PROPOSITION XVI. 

AS- the diftance from the center to the ordinate drawn from the 
point of contadt, is to half the tranfverfe -, fo is the greater ab- 
fcilTa of that ordinate, to the tranfverfe axis, added to tiie external 
part; that is, CG :CB : : AG : AT. 

Demonstration. 

F%. s: By Pr^. IJ, a=J^, .: t+a= (.+ JI^ =)^^|^ ' 

i. e. it—x:it : : t—x : t+a, or CG : CB : : AG ; AT. ^ E. D. 

PROPOSITION XVII. 

AS the greater abfciffa of the ordinate draiyn from the point of 
contaft, is to the futn of the tranfverfe and external part ; fo is 
the lefs abfciffa of that ordinate, to the external part ; that is, A G : 
AT; :GB:BT. 

Demonstration. 
^y Prop. i$.it—x:it::x:a; aai (by the i6.) ■{■«— jf : t / 
: : t—x : t+a, .: (by equahty) t—x -.t+a : : * : a; or AG: AT : : 
GB:BT. 

PRO- 
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PROPOSITION XVIII. 

AS the diftance from the center to the concurring of the tangent^ 
is to half the tranfverfe j fo is the external part, to the abfcifla 
of the ordinate from the point of contafl: ^ that is, CT : C B : : BT 
:BG. 

Demonstration. 

By Prop. 15. ita=ifx-{-xa, ■.• x= -—---, and it-^-a : it;: a: 

x; or, CT:CB::BT:BG. 

PROPOSITION XIX, 

AS half the trdnfverfe added to the external part, is to the tranf- 
verfe added to the external part j fo is tne external part, to 
die fubtangent j that is, C T : AT : : B T : G T. 

Demonstration. 

By Pr^. ,8. .=^^. .-. .4-.=(.+i^==)^' : and, 4. , ^ 

+a : t+a -.-.a: x+a, or, CT : AT : : BT : : GT. ^ E. D., 

PROPOSITION XX. 

AS the greater abfcif^ of the ordinate drawn from the point of ^'8' ^' 
contadl, is to half the tranfverfe ; fo is the' fubtangent, to the 
external part; /. c AG ; CB : : GT : BT. 

Demonstration. 

By Pr^. i^.it-x=—, .: t-x={\t+'— = 

t—x : it :: x+<j : a, or AG : CB : : GT ; BT. ^E. D. 

PROPOSITION XXI. 

AS the tranfverfe added to the external part, is to half the tranf- 
verfe i fo is the fubtangent, to the abfcUTa ; /. e. AT : CB : : 
GT : GB. 

Demonstration. 

By Prif. 18, it+a=—, .: <+«=(i<+t£f =)i£i±if?, and 

t+a:it::x+a:x, or AT : CB : : GT : GB. ^E.D. 

PROPO- 
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PROPOSITION XXII. 

THE ordinate drawn from the point of conta(9^, divided by the 
fubtangent, is equal to die quotient of the diftance between 
the center and that ordinate, divided by that ordinate multiplied by 

the parameter divided by the tranfverfe axis ; that is, ^^^ = j=— x^ 

Demonstration. 
By Prop. 12- ix—x'^^if—XKX-^-a; and ( by P rop. 2.)t:p:: 
[tx — x'-) it—xxx-i^a :^% /. /^*=^xt^— xxx+^i, and if you di- 
vide by x-\-a, -^=pxit — x; anda^n if you divide by ty\-2— 
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PROPOSITION XXIII. 

IF perpendiculars be drawn from the ends of the tianfverie, and 
from the center, fo as to cut any tangent, and alfo if from the 
point of contaft be drawn an ordinate, thcfe four lines ftiall be pro- 
portional; that is, AO : CP : : GF : BQ;_ 

Demonstration. 
ByPra/. I9.TA:TC::TG:TB, .-. (by 4 £». 6.) AO : CP 
::GF:B(i_ ^E.D. 

Corollary. 
AOxBQ = CPxGF. 

PROPOSITION XXIV. 

IF perpendiculars be drawn from the extremities of the tranfverfe, 
and cut any tangent, ^n the rectangle of thefe perpendiculars 
ihall be equal to the reftangle of the greateft and leaft diftance of 
either ofthe foci from the vertices; i.t. AOxBQs:AHxHB=BK 
xKA. 

Demonstration. 
Let BQ=m, A0=b, and AK=HB=j ; then (by fimilar As) 
- ffl : _y : : (a : *+tf : : by Prop. 20.) f / : t — x ; and n -.y.: (t^^a: 

x+a : : by Prof. 21.) it : x, .\ 9«=^--^ands=i^,and(byroul- 

tiplica- 
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tiplication,) mB==^— i .-. mn : i/* : : (v* : t—xxx : : by Prop. 
t—xxx , . 

2.p : t ::) \pt : i^* j and fflw=(T//=iby Pr(>^. 3.)/— yxo, or AO 
xBQ=AHxHB=*BKxKA. ^£. i>. 

Lemma. 
If, from the ends of the chord AB, the perpendiculars AD, BC, ^'8- 7- 
be drawn to meet the circle, then right lines connefting A and C, 
B and D, fhall be diameters, and ccmiequently the point of their 
concourfe, O, will be the center of the circle, through which if a 
right line be drawn any how. It will make the alternate fegments of 
the perpendiculars equal. 

Demokstration. 
By hypothefis the angles A and B are right, .•. (by 31 B. 3.) AC 
and B D are diameters, and O the center 5 but A O P D is liniilar to 
aOQB, .-. OB : BQ:: OD : DPi butOB=OD, .-. BQ-PD. 

PROPOSITION XXV. 

IF from the interfedions (P, S) of a circle, whofe diameter is the Fig. 8. 
tranfverfe axis with any tangent, perpendiculars P>t, SA, be 
drawn> they fhall cut the tranfverfe axis in the focal points ; that is, 
the points k^ b coincide with K, H. 

Demonstration. 
The AS TBQ^ AT O are fimilar to the As TS^, TVk, each 
having a right angle, and the angle T common, .-. AO :Vk :x 
Sh : BQ^, and AOxBQ==(P^xSA= by the precedent icOTOT*: P4 
xkt; or brxSb=hy^5E.2.) AKxiB or BAxAAj.but AOx 
BQ=A,6xKBor AHxHB, by Pro^. 24., .-. the points H, /> and 
K, k are coincident. ^E. D. 

Corollary. 
PKxSH=i//;becaufe PKxSH=(AKxKB=7^xy= by 
Prop. 3.) up. 

PROPOSITION XXVL 

IF to any point of the curve, right lines be drawn from the foci, 
and one of the lines be continued; then a right line bife£ting 
the external angle, ihall touch the curve in the angular point. 

D De- 
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Demonstration. 

Pi, Take FX=FH; then (becaufe by the hypothefis z.XFT= 

z^TFH) ifyoii take any points, in the line FT, HS=XS by 4 

■ <^ jE. I. Draw KS, Sien KS+(SX=) SHisgreater than (KH=) 

AB, and .*. the point S is without the curve, for if it were in the 

curve, KS+SH (by the Gmejis =) AB. 

PROPOSITION XXVII. 

LINES drawn from the foci to the point of contaft, make equal 
angles with the tangent. 

Demonstration. 
By Prcji. 26. iHFT=(/.XFT=by 15 £. i.) Z.KFO, ^E.D. 
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PROPOSITION XXVIII. 

Right line perpendicular to the tangent, at the point of con- 
. tadt, bife<3s the angle form'd by lines drawn from the foci to 
the lame point ; that is, if FY be perpendicolar to OT, then Z-KFY 
=^HFY. 

Demonstration. 
Fig ,. The Z.PFY=/lYFT by hypothefis, from which if you take a- 
way thez.KFP=^HFS, by Pn^. 27. there remains ^KFY= 
^YFH. ^E.D. 

PROPOSITION XXK. 

IF, on the tangent at the point of contad, a perpendicular be 
drawn, and cut the axis, i^ will divide the diflaince between the 
foci, in the fame proportion, as lines drawn from the &ci to the lame 
pomt; I.e. KF:FH::KY: YH. 

Demonstration. 
In the aKFH, the iKFY=^LYFH by PrM*. 28. .-. (by the 
3d£.6.)KF:FH::KY:YH. ^£.Z). 

PROPOSITION. XXX. 

IF, on the .tangent, at the point of contact, a perpendicular be 
drawn, and i^ irom the point, where that perpentucular cuts the 
axis, lines be drawn pcrpentlicular to lines drawn from the ftici to 
the point of contaft, then the diihnce on diefe hnes, from the point 

of 
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of contaift to th^ perpendiculars, will be equal to half the parameter 
. of the axis J that is, Fy=Fr=i/. 

Demonstr ation. 
From the points S, P, where a circle on -the tranfverfe cuts the ^ 'I- 9- 
tangent, draw the lines S H, PK. to the foci, which will be perpen- 
dicular to PT, by Prop. 25. and confequently parallel to FY; con- 
. tinue KF, HS, till they concur in X ; then K.X=^, and HX=! 
zHShy Prop. 26. andbecaufe AKFY isfimilar aKXH, and a 
KPF, fimilar A.YFq, .-. KX:XH:: (KF:FY::) KP:F?i 
andKXxF?=XHxKP; and iKX)(Fj=irXHxKP , that is, 
i*>cFy=(SHxKP=:by Prop. 25.) ipt, .*. Fq=ip ; but (by Prop. 
28.) ^YFq=YFr, and (by 26. E. 1.) Fr~Fg, .: Fq=Fr=ip. 

PROPOSITION XXXI. 

IF papendiculars from the vertices cut any tangent, then the part 
of the tangent, intercepted between the interfeftions, ftiall be the 
diameter of a circle, whofe circumference Ihall pafs thro' the foci. 

Demokstration. 
By Prop. 24- AOxBQeAKxKB, .-. AC : AK : : KB : BQj Fig. loj 
but the angles OAK, and QBK are right, .-. by 6. B. 6. the As 
OAK and BQK are fmiilar, and aAOK=aQKB. But A A KG 
H-aAOK==L, .-. AKO-f-QKB=L, and confeqnently (by 13 £. 
J.) aOKQ=L, and (by 3i.£, 3.) OQ^ a diameter of a circle, 
whoie periplKry will pafs through K. In like manner the aOHC^ 
as proTCd a right angle. ^ iS. D. 

Corollary. 
irOCibe bifeded in N, then NO=:NQ=NK=NH. 

PllOPOSITION XXXII. 

IF, from ei^ier focus, a right line be drawn dirou^i the point of Fig. 1 1. 
contact, and continued till it be equal to the tranfverfe axis, and 
the extremity connefted by a ftreight line to the other focus ; then 
the diftance between the center, and the interfedion of the laft line 
with the tangent, is equal to half the tranfverfe axis ; that is^ CSs== 
CB. 

Dl'-MOKST lAT ION. 

In the As HCS and HKX, the aKHX is cdmmon, and KC 
==CH; alfo HS=SX by Ppip. 26, .-. (by 6. E. 6.) the As are 

iimilar. 
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fimikr, and CS is parallel to KX ; alfo CS='(f XK=-i-AB=)CB. 
^..E.D. 

PROPOSITION XXXIII. 
TF, from the focus, a right line be drawn to the point of contafl, 

and another through the center parallel to the tangent, then the 

diftance between the point of contad, and the interfedtion of thefe 
lines, is equal to half the tranfverfe axis. 

Demonstration. 
■ Draw CS parallel to KF; then is the figure ZCSFa parallelo- 
gram, and ZF=(CS=:by Pro^. 33.) BC. ^ E. D. 

PROPOSITION XXXIV. 

p. ^ T F to the tangent, drawn to the vertex of any diameter, a right 
I line be drawn parallel, thcpartof that line which lies within the 
curve Ihall be bifeifted by the diameter ; that is, xb=bzj alfo A Vxp 
-(-ACVo=ABCS=A<//z+AC</r. 

Demonstration. 
Let dz=y, dp=c, Crf=n, BS=r, dr^p, Vx=Y, CV=^, 
V(i=j, Vp=h, Bd=x, and BV=X. Then, I. (fromfimilar As) 
y /FG , „ , ,CG * „ CG t« y it p .. 

vide by ^, and — =-?x - ; which multiplied by cry^ gives ^tcy—ry'- 
X-. But_y*x-=/ — xv.xhy Prop, 2j .•.■^tcy^^n^.t — xxXjOad-ifcy 

-)-r«'=(rx/— :>rxAr-f r«*=)rx7^j(xx-f »• j and (by 5 E. 2,) f^^xx 
+B*=-i^', .: ^tcy-^rn*~rxit*. Divide by if, and cy-^.-^- 

=iry.it i by fimilar As,it : r iini p, .: — =^, .•. (by fubflituti- 

on) cy-^pn=:rxi^t, or dp%dz-{-drxCd=^BS\hCi that is,ABSC 
^Adpz-\'Qdr, 

2. By fimilar Asl=(^== hy Prop. 22.) ^x^; but£^ = 

|>-'.-j=-x^; divide by £, and '?=-tX-, and multiplying by i&yY, 

ghY=qY'%{. But^X-X*!=Y»x-. .-. r^Y=ox/X— X% 
P P • 

Dif|tiz,-i ,-.,■ v_n_'i_'viv- and 
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and ^iY+y^'^fx/X-X'+g- ; but (by 5. E. j.) fX-X'+j'- 
.=i/% therefore ^i6Y4-^'y=:yx>-/'; divide by^, and j&YH-y^iis 

^^^-5— ; butj:?;: U:r, .•.i-?=r; and (by fubftitution) /)Y+ 

jj'=rxi?, thatis, V/>xVj:+Vi>xCV=CBxBS, or A Vi/+ 
ACV(J= (aBCS= by the ift part) A <^/2+ AC(/r. 

3. From both fides of the laft equation take ApbC, and there re- 
mains A ijEr=;and iimilar to Aobx, .'. xb=bz. ^B.D, 

PROPOSITION XXXV. 

THE falne things being fuppos'd as in the laft, the A BSC= A 
CFT; alio Uie trafeziu m d'BSr=Apdz; theTrapmium 
Tipr='Aizr;md¥T+bf%bF=ziy.br. 

-D.EMOKSTRATION. 

Fromfimilar AsBS:FG::(BC:GC::byPro/».l4.)CT:BC, ■■ , 
.•.BSxBC=FGxCT,or ABSC=ACFT=(byi'r^.34.)A ' 

fdz-\-ACdr ; from the ift. and 5d, Equ. take ACdr, and there 
remains the 7'rafezium dBSr^Apdz ; alfo from the 2d and 3d 
take the ApbC, and there remains the I'rapezium FbpT=Abzr, 
.-. (hy iihf Lemma to Prep 11. oiiiaPariUxik) FT+pbx.b'F=z6 
y.br. ^E.D. 

Lemma. 

The fame things being ftill fuppofed, YbxnT=zbx br ; for pj- ,, 
YC=(FC):bC:FT:bp, and by comporitionYC+bC:bC:: .' 

FT+bpibpj and <by alternation YC+bC=)Yb: FT +bp : : 
(bC : bp : :) np=bF : nT, .-. Yb x nT= (FT+bp x bF= byiew- 
ma to Prop. 1 1. Part I.) zb x br. 

Definition. 

If (FS : FQ^O br : bz : : 2FT : P, the parameter belonging to v/1 . 

2FT 
the diameter FY, then P=bz x-r— , and. 



'A 



PROPOSITION XXXVI, 
S any diameter is to its parameter (fo obtained) fo is the reftan- 
. gle of any abiciiEs of that diameter, to the fquare of the or- 
dinate which divides . them j that is, (if you put D for the diameter 
FY, 3 c for the abfciflaF^, and j> for die ordinate bz=bx, then) D; 
P : : D— ;e x x :y. 
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Demonstration. 

By the Definitim, P=} x .^-, .: ^ "=( —FT — " 

D^xx ,y Tc — 2FT , 2FT /FT , , ., . . 
— _j =)jixD— jrxxx-jj-:but-jj-=f -f^=byfinular As) 

"^^ ,and (byfubftitution)px2^ii=^i-xD:^xTn= 

(by the preceding Lemma)Z- %y% br=)_y% and .-. D : P : ; D— ar 
X I :/. ^ B. D. 

PROPOSITION XXXVII. 

•' A S any parameter is to its diameter, fo is tlie fquare of its conju- 
x\ gate, to the fijuare of the diameter ; /. e. P : YF; : F Y q : 
XDq. 

Demonstration. 
In this cafe x=iVl, and ^=4C, .-. by the laft, D : P : : (i D" : i 
C'::)D':C',orP:YF::FYq:XDq. 

Corollary,- 
Hence any conjugate diameter is a mean proportional between 
the diameter to which it is conjugate, and the parameter of that di- 
ameter ; for by this Prof. DP=C*, .-. D : C : : C : P. 

PROPOSITION XXXVIII. 
pjg , , TF a tangent cut any diameter, and if, from the point of contaS, 
X an ordinate be drawn to that diameter, ■ then as the diHance be- 
tween that ordinate and center is to the abfcilTa, fo is the diameter 
lefs by the abfciiia, to the iiibtangent on the diameter continued j 
thatis,CP:PF::YP::PT. 

Demonstration, 
Let GQ_bc an indefinitely finall part of the curve, and continued 
till it cut the diameter produced in T. Draw the ordinate GP, and 
parallel to it Qo, and G r, parallel to the diameter FY. Put Y F 
=D, FP=x, GP=^, Gr=», Qr=m, and F T=a. Then YP= 
D— «, Yo=D— *— K, oF=x+ti, Q£=y+/», and PT=i!+k. 

Then (byiimilarAs)OT:«: :j': tf-f jr, .*. a.^x=n x-^ , and(byi*ro^. 36) 

D:P 

Dif| tiz.-^d ;■■,■ V_H_'l_'VIV- 
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D : P : : Dx— x' :/. Alfo D : P : : Dx-x-+Dil—2Xti—tr' :/+ 
2ym+m% .: D/=PDx— Px', and D/+2 D vm=PDa.- 
Px'+PDn—iPxn, .-. PDjr— Pi'+PDa— aPxa— 2D>/» = 
(D/=)PD*— Px", and PDb— 2PxK=!2D;iffl; therefore )i= 

PD— 2 Px m \PD— 2Px /;; 




-^pr ;-n=: > that is, iD— X : X : : D— X :x+tf, or 

D— 2x ' 4D— X 

CP:PF::yP::PT. ^ B. D. 

PROPOSITION XXXK. 

IF a tangent interfetfl any diameter, and, irom the point of con- pig. , j. 
taft, an ordinate be drawn to that diameter ; as the femi-diame- 
ter leis by the abfciHa, is to the femi-diameter ; fo is the lemi-dia- 
meter, to the iemi-diameter added to the external part of the diame- 
ter produced to the interfeiftion of tlie tangent j i,e. CP:CF: :CF 
:CT. 

Demonstratfon. 
CP+PT=CT. But CP=iD-x, and PT (by the laft) = 
tS=5> alfoCT=iD-|-«, ,.iD+a=(iD-x+^^:=l 

-45I_, and iD— x:iD::iD:iD4-«i or, CP:CF::CF: 
^ D — X 

CT. ^E.D. 

PROPOSITION XL. 

THE lame thin^ being fuppolcd as in the laft, it will be, 
as the lemt-diameter lefs by the abfcilla, is to the femi-diame- 
ter ; fo is the abfciii^ to die external part of the diameter produc'd 
to the interfoaion of the tangent) <'.«, CP:CF::PF:FT, 

Demonstration, 

By Prof. ig.~—=iD+a, .-. tD'=iD^-t-iD« — iDx— 

xa, ania=-^^; thatis, iD— *:iD::x:«s orCP:CF:: 
tU — X ; 

PF::FT. 

PRO-i 

Di,iii-si-.,^-,i_>o^le 
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PROPOSITION XLI. 

AS the femi-diametcr lefs by the abfcifla is to the femi-diame- 
ter, fo is the diameter lefs by the abfciila, to the diameter ad- 
ded to the externa! part of the diameter produced to the tangent ; 
(.f.CP:CF::YP::YT. 

Demonstration. 

ByPra/.. 40,«=-g5^, therefore D+a= {T)+J^^=) 

iD'-^iD;t i f .iiy_^.iD,.j)^x:D+a, or CP:CF:: 

iD— X 
YP:YT. ^E.D. 
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PROPOSITION XLII. 

S the diameter lefs by the abfcilTa, is to the diameter added to 
the external part, fo is the abfcilia, to the external part of the 
ter produc'd to the tangent i i. e. YP ; YT : : PF : FT. 

Demonstration. 
By Pro^. 40, iD—x:iD ::>■:«; and (by Pri^. 41.) f D — x 
: fD : :D— X : D-|-<J, .■. (by equality) D— x : D+tf ; ;x : tf > or 
YPj:YT::PF:FT. 

PROPOSITION XLIII. 

A S the femi-diameter added to the external part,, is to the femi- 
f\ diameter ; fo is the external part, to the abfciHa j i. e. CT : 
CFT:FT:FP. 

Demonstration. 

By Prop. 40, i Da~xii=i Dx, .-. x— ,1/^" ; that is, i^+a 

■.iD::a:x, orCT:CF: :TF:PF. 



PROPOSITION XLIV. 
S the femi-diameter added to the external prt, is to the dia- 
meter added to the external pact ; fo is the external part, to 
the fubtangent ;;'.<•. fT : YT :: FT : : PT. 



A 
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Demonstration. 
By Pnp. 43, x=j^^, therefore *+ 1 = (^^^^.f «) — 

"^f'i tiatis, iD+a-.D+o-.-.a-.x+a, or CT:YT::FT: 
PT. ^E.D. 

PROPOSITION XLV. 
A S the femi-diameter added to the external part, is to the femi- 
X~\. diameter j fo is the diameter added to the external part, to 
the diameter lefs by the abfciifii that is,CT : CF : : YT : YP. 

Demonstratiok. 
By Prof. 41, iD— «■ : iD ; : 0—x : D+a ; and (by Prof. 39.) 
JD— X : f D : : iD : tD+a, .-. fD+a : f D : : D+a : D—x ; or 
CT : CF : : YT ; YP. ^ E. D. 

PROPOSITION XL VI. 

AS the diameter lefs by the abfciffa, is to the icmi-diameter ; fo Fig. 13; 
is the fubtangent, to the external part of the diameter produ- 
ced to the tangent ; that is, Y P : CF :: P T : F T. 

Demonstration. 

■■^Dx 
By Prof 40, iD<t—xa=iT}x, .: iD—x= ; and D — » 

= (XD+I5f =)tD£±iD5. ^, i^_ jj_^ -.iD-.-.a+x: a; or 

YP:CF::PT:FT. % E. D. 

PROPOSITION XL VII. 

AS the diameter added to the external part, is to the femi-dia- 
meter s fo is the fubtangent, to the abiciila ; <'. f. YT : CF 
::1'T:PF. 

Demonstration. 

By Pro^. 40, iDa=iD*-|-xaj therefore iD-|-a=^ — -i and 

D-f-7=(4D-)-i55=)i2£±i5i;thatis, D+a:iD::x+a: 

«, or YT:CF::PT;PF. 5,fi.D. 

E PRO- 
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PROPOSITION XLVIII. 

IF, from the extremities of two conjugate diameters, ordinates be 
drawn to the axis ; then the diftance on the axis between ilx 
center and one of thefe ordinates, is a mean proportional betweer 
the fegments of the axis made by the other ordinate ; that is, AG : 
CH::CH:GB; or, AH : CO: :CG:HB. 

Demonstration. 
Fie Draw the tangent FT, which will be parallel to CD by Pre/. 

^' ^' 34. And laBC=f, CH=a, GT=j, and CG=>r. ThenGB 
=/— *, and AG=/-|-;vj and (by the 4. and22. £. 6.) GTq: 
CHq ; : (FGq : DHq : : byProp. i.) AGxGB : AHxHB. Bu: 
(by5. £. 2.) AGxGB==BCq-CGq, and AHxHB=BCq- 
CHq ; .-. GTq : CHq : : CBq-CGq : CBq— CHq ; that is, r 
:tf'::/*— *•:/'— a*. But {by Prop, 13.) CG: GB:: AG :GT ; 

that is, x-.t — x: : /+* : s ; .'. is= , anar= - ■ 

X a:' ' 

confequently : /* — x^ : : <z* : /* — a* ; and if you di- 1 

t*~~x* 

vide the two firft terms by t* — x*, :— : r : : d* : /* — a* ; and, by 

■" X ' t J 

compofition, /* : j' : : ( i -| j — =) — : j — j and if you multi- 
ply the two laft terms by x*^ t* :a*::t' : /* — x*, .". a*=t* — ;i:*,and 
t-^x:a::a:t—x; or, AG:CH : : CH:GB. In like manner 
we may prove that AH : CG : : CG : HB. 

Corollary I. 

Hence it is eafy to draw a conjugate diameter, without drawing a 
tangent. For, if you produce the ordinate FG, to I in the circum- 
ference of a circle on me tranfverfe axis, and make CH=GI, then, 
from H, draw the ordinate HD, and laftly, from the point D, thro' 
the center, draw DCX, and it will be the ojnjugate diameter re- 
quired. 

Corollary II. 

7^ /urn sftbefquares of any two diameters, as (XD and PT) is 
equal to the fum of the fquares of the tranfverfe and conjugate axes. 

For if a be put for CG, then (by Prop, i.) t^ : c^ -. : (AH x H B. 

= by 

L'inii£,\i ■■■,■ v_ii_'i_'Viv- 
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=by this Pro/. CGq=)d*:HDq=^ J and (by this Prop.) 
CHq:=(AGxGB=)i/*— ^*; .-. (by 47. £. i.)CDq=^/'— 
a'+~i alfo (byPro^. i.) t* : c' : : (AG x GB=) ir—a' : FGq 

=: if* —, .-. CFq=ia*-\-ic' ~, whence CDq+CFq = 

PROPOSITION XLIX. 

IF any ordinate to the axis, as GF, be produced to the periphery Fig. 15. 
of a circle on the tranfverfe axis, as to I, and if, from the points 
F and I, tangents be prawn to the refpeftive curves, they will both 
interfedt the axis produced in one and the &me point T. 

Demonstration. 
DrawtheradiusCI, andputBG^jK-, AB=/, BT =^, a ndGI 
=y. Then TGx GC= (Glq— ) GBx GA; ;. f. tf+:r x i/— x 
= (y^:=) x^ t — Xy .'. itx^^ta — ax, or if — x:if: :x:a. But 
in (me Ellipfe, by Prop. i$.) ^t—x -.^t-.-.x-.a. In both curves 
the three firft terms are the fame, therefore the fourth term, viz. a, 
=BT, is the fame ; and confequently the point T is that wherein 
both tangents will interfeift. ^E. D. 

Corollary I. 
Hence' any point in the curve being given, we have an eafy me- 
thod of drawing a tangent to touch that point j for if, from the gi- 
ven point F, you draw the ordinate F G, and produce it to the pe- 
riphery of the circumfcrlbing circle in the point I, and draw a tan- 
gent touching the circle in that point, as IT, then the point T, 
where that tangent cuts the axis produced, is the point, to which 
if, from the given point in the Ellipfe (viz. F) you draw a j'ight 
line, it will be a tangent. 

Corollary II. ■ 
Hence alfo If, from the point T, given in the axis produced, it 
be required to draw a tangent to the ellipfe, 'tis eafily done. For 
if, on CT, you defcribe the femi-circle CIT, and obferve its inter- 
fedkion, I, with the circle defcribcd on the tranfverfe axis ; then if 
B Z be made equal to B I, and I Z be drawn, a^d^if, from the point 
F, where that line cuts the curve, the ftreight line TF be drawn, it 
will touch the curve in the point F. . Scho- 

Difitiz.dbyGoO^le 
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Scholium. 
From this Propoiition it is evident, that all the properties of tan- 
gents which have been demonftrated in the ellipfe from Prop. 13. 
to Prop. 21, inclufively, hold good alfo in the circle. 

PROPOSITION L. Prohlem. 

. TT^ROM any given point, as T, any where without the ellipfe, to 

X^ draw a tangent. ■ 

Construction. 
From the given point T, through the center, draw the right line 
TFCY; and, to the diameter YF (hy Corol. to Prop. 4S.) draw 
the conjugate diameter DXj then at pleafure make the angle YTS, 
and on TS, fet TR=TC,and SR=^CF ; join RF, and, parallel to 
it, draw S P ; lailly, through P, and parallel to the conjugate diame- 
ter, draw GN; then if, from the point T, to G or N, right lines 
be drawn, they will touch the ellipfe in thofe points. 

Demonstration. 
By CmjlruBion, and 2. £a. 6. TR : RS : : TF : FP > but TR 
=TC, and RS=CF. .-. TC : CF : : FT : FP, and (^yProp. 43.) 
TG, or TN are tangents. 

PROPOSITION LI. 

Fig. 17. TTp any ordinate to the axis (as V;:) be continued to a point (N) in 
_£ the focal tangent (TO), then the diftance (VN) from the axis to 
that point in the tangent, /hall be equal to (K;if) the diftance from 
the focus to the extremity of that ordinate. 

Demonstration, 
Kj. 17. Put CK=^, BC=<:, CV=^;then AK=^+c, BK=f-i, VK 
^b±d^ 'B'V=c±tiy and AV=cTd; andIC beingthe focus, (byProp, 
4.) KL will be half the parameter of the axis ; and (by Prop. 3.) 

CB:AK::KB:KLi or ,::/:+*:: c-A :^^=KL=4^. Alfo 

CK:CB::CB:CT, or ^:c::r:^=CT, by Pro/. 14. ButCT 
o 

— CK=KTi that isA"-«=^-:^'=KT. AlfoCT±CV=VT. 

that 
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that is, £!4-rf=^— =VT. But (by fimilar As) KT : KL : : VT 

be be 

2. ByPnf. 2.CB:KL::AVxVB:VxqiOrc:^^^::r- 

-J:,fl:i^l£:i££±£I=Vxci;mdVKq=f±2bJ+J: But 

VKq+Vxq=Kxqi that is.f!*ii^±^=K;<q, and (by! 

tradUng thi 

Corollary. 
The conjugate axis continued from the center to the focal tan- 
gent, is equal to the lemi-tranfverfe axis; /. e. CZ= (KE=) CB. 

PROPOSITION LII. 

IF perpendiculars be drawn from the vertices to the focal tangent, 
then thefe perpendiculars fliall be equal to the diftancc (in the 
axis) from each vertex to its adjacent focus refpe^vely ; that is, AO 
=AK,andBQ=BK. 

Demonstration. 
By Prop. 24. AO X BQ==AK x KB, .-. AO : KA : : BK : BQ: 
but AO=AK, by Prop. 51, .-. KB=BQ^ ^ E. D. 

PROPOSITION LIII. 

IF, from die point of contaiS of the focal tangent, a right line be 
drawn to the vertex, and any ordinate be produced to the tan- 
gent, and cut that line, then the diftance between the tangent and 
interfeaion of thefe lines, is equal to the diftance (in the axis) from 
the fr>cus to the application of the ordinate ; /'. e. D N=K V, 

Demonstration. 
The ALDNisfimilarto ALOA, .-. OA :DN : : (LO :LN 
: :) KA : KV; but by Pro* 51, AO=AK, therefore DN=KV. 

PRO- 
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PROPOSITION LIV. 

Fig. i8. TF, from any point (P) of t^e conjugate axis, a right line, PO, e- 
I qual to the diiFerence of the femi-tranfverfe aud femi-conjugate, 
be applied to the tranfverfe axis, and from thence continued, fo that 
the exterrial part, O F, be equal to the femi-conjugate axis, then, I 
fay, the extremity, F, of that line (hall be in the curve of the ellipfe. 

Demonstration. 
Put C 0=S, O G=d, C G^ (*+</=) X, and the other fymbols 
asufual; then PO=f ^— tf, and OV=^c. Then (from fimilar 
As) bid-.', kt — if: if, and (by compofition) {b-\-d=.) x: d::i t 

lie, .•.x^^:::^/*:4f*,andi4^*=('^= by 47. £. i.)4c* 



ig. 19. 



— /, coniequentl//= (t£^ -^ — =) j-j i .'. i/^: 

;r'::T7+7xT7^:_y ; orACq:EDq::AGxGB:GFq. 

PROPOSITION LV. 

IF a circle be drawn on the tranfverfe axis of the ellipfe, and ordi- 
nates be drawn to both curves ; it will be, as the tranfverfe axis 
IS to fhe conjugate, fo is any ordinate in the circle, to its correfpond- 
ing ordinate in the ellipfe ; that is, AB : DE ::sq: sr. 

Demonstration. 
By Prop. i.ABq:DEq:: Aix jB=by 35. £. 3.)7y]' :7rl% 
.-. AB:DE::iy:jr. ^E. D. 



A 



PROPOSITION LVI. 

S the tranfverfe axis is to the conjugate axis, fo is the area of a 
circle on the tranfverfe axis, to the area of the ellipfe. 

Demonstration. 
In the following dcmonftratlons, let O / be the circle on the tranf- 
verfe, O c the circle on the conjugate, o the ellipfe, and©/ 1 c the 
circle whofe diameter is the fquare root of f into c ; then. 

By Prop. 55. / :f ; : (jy : J/- :: by I2.£. 5. all the j^: all the 
srs) 0/:o. ^E.D. 

PRO- 
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PROPOSITION LVII. 

THE area of every elliple is equal to the area of a circle, whoCe 
diameter is the fquare root of the tranfverfe axis into the con- 
jugate. 

Demonstration. 
By Prop. 56. Q t : o : : (t : c : : t' : a iihy z. E. 12.) G/: 0, 
■^tc, .-. o=G)V/c. ^E.D. 

Corollary. 
©/: ^* : : O : /c; that is, as circles are to thcfquares of their di- 
ameters, fo are ellipfes to the redangles under their tranfverft and 
conjugate axes. 

PROPOSITION LVIII. 

EVERY ellipfe is a mean proportional between the circle on its 
tranfverfe and the circle on its conjugate axis. 

Demonstration. 
ByProp.s6.Qt:0::(t:c::tc:c* :: by 2 £.12. O/FT*: Qc: 
hfProp. $y.) o:Qc.^E,D. 

PROPOSITION LIX. 

ELLIPSESareto each other in a ratio compounded of the fub- pig. 20. 
duplicate ratio of their parameters, and felquiplicate ratio of»nd»'- 
their tranfverfe axes direftly. 

Demonstration. 
By Prep. 57. E=0/TC, and 5=©/??, .-. E:f : : (O/TC: 

;©/??: : by 2. £. 12. TC : ^ c : : becaufe c^^tp) T^ x P^x^^f, 
.^E.D. 

PROPOSITION LX. 

PAraWelc^rams drawn with their fides parallel to the conjugate pig. ^j, 
diameters, and circumfcribing the ellipfe, are equal. 

Demonstration. 
On the tranfverfe axis defcribe the circle ;6 N D j continue the or- 
dinate through the point of contaft to I j draw Uie ordinate M X, 
and Cd perpendicular to the tangent ; then, I lay, CD x CM=Cx 

xC^. , 

L',ni,..,i-..,.v^-.-.»0^le 
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xC*. For, if for GI= (by Pri^. 48.) CX we pxtli,Cn=d, 
CM=D, Cd=p, GF=)V Cx=c, and C*=« j then, 

By Prof, ss-y-i ■■■■':■■', ,: y=-^, and (by Prop ig)-i{=y) 

xc: :c:d; alfo by fimilar As ^ : D : : ^ ; //, /.-^=(d=)—^, or 
ct=Dpi i.e. CdxCM=Cx^Ci. ^E.D. 

PROPOSITION LXI. 

AS the diftance between the foci, is to the tranfverfe axis, fo is 
the diftance between the foeus and the vertex, to the diftance 
betweai the vertex and interfeftion of the focal tangent with the 
axis produced; A f. KH: AB ; : BK : BT. 

Demonstr ation. 
ByPra^. 17. AK;BK::AT:BT, .-. AK- (BK=) AH: 
BK::AT-BT:BTithatis, HK:BK:;AB:BT. ^ E.D. 

PROPOSITION LXII. 

tF a right line be drawn from the focus to any point of the curve, 
and, fi-om that point, a line be drawn parallel to the axis, and 
Fig. 17. continued to the perpendicular which cuts the axis produced in the 
point of interfcftion of the focal tangent ; then thefe two lines are 
in a conftant ratio, viz. as the diftance between the foci is to the 
tranfverfe axis i i. e. K.E:Zn::KH:AB. 

Demonstration. 
ByPrii/.'5l.Cz=KE, and, by Prop. 52, BQ=BK; but (from 
fimilar As) Cz : TC : : BQiBT ; Aat is, KE : E» ; : (BK : BT 
:;byPro/>.6j.)HK:AB. ^E.D. 

PROPOSITION LXIII. 

THE focal dijiance of any point in the curve, is to a perpendicular 
let fall from that focus to the tangent of the f aid point, as tk 
femi-conjugate diameter, to the femiconjugate axis. 

Demonstration. 

The AsFHI,FKLarefimilar, .•.HF:FK::HI:LK; i.e. 

HF+FK:HI+LK::BC:C0::FH:HI::BCxCD;COx 

CD J but (by Prop, bo.) 0CxCD=BCxCE, .-. FH:HI:: 

BCD;BCE;CD;CE. ^B.D. Conic 
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with the radius CK, you interfedl that perpendiciilar in the points 
D and E, right lines paffing thirough the points C E, C D, are called 
afymptotes j and the perpendicular intercepted between them (as 
E D) is called the conjugate axis. 

PROPOSITION I. 

AS the fquare of the tranfverfe axis, is to the iquare of the con- 
. Jugate axis ; fo is the reftangle of the tranfverfe added to the 
abfcifla, into the abfcifla, to the fquare of the ordinate applied to 
that abfcifla ; that is, ABq ; DEq : : BG x AG : GFq. 

Demonstration. 
Put AC=i^AE=i^, CG=;t, CK=CH=3, GP=;'; then 
GK=a; « K and KH=23, and let FK=a: ; then (by the Genefa) 
FH=r+2;, and AEq+ACq=(CEq=) CKqj that is, J-c'+ 
4-^'=^' by 47. £ r . and (by 12. and 13. £.2.) HFq=KHq+ 
FKq+2KHxGK; that is, /'+2/jiE-|-js'=a!*+4^'+4^x— 4^', 



J and by fquaring both fides,- 



=1 (js-=)y4-*^*— 2^*:+^* i which being clear'd of fractions and 
contradiftpry terms, will become i6i5'x*+^=4/'^'+4^*x*-f-4^' 
h^ ; and if, for 16^' and 4^' in this equation, we fubftitute their re- 
fpeftive values in the firil, and throw away contradiftory terms, luid 
divide by 4, we fliall have Vy^^c^x^ — -i^V', which reduced -to an 
analogy, gives /*:£■*: :x+t/x x—i/:y*i or ABq:DEq::BGx 
AG:FGq. ^E.D. 

Corollary. 

Let the tranfverfe and conjugate axes be reprefented by /, and c, 
any abfcifla, and its ordinate by x, and y ; then by this Theorem t- : 
c''::t'{'Xx.x:y*^y /. /'^*=cV>;+f'x% which is the equation of 
the curve. • 

Definition. 

A third proportional to the tranfverfe and conjugate axis, is called 
the parameter of the axis j that is, if/ be put for the parameter, t : 
c; -.cipj .: tp=c*. 

PROPOSITION II. 

S the ft-anfvcrfe axis is to the parameter of the axis, ib is the 
tranfverfe added to any abfcifiii, into that abfcifla, to the fquare 

of 
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of the ordinate apply'd to that abfcil^ i that is, t\py,t-\-x%x\f-. 
Demonstration. 

By die conftruftion of the parameter, tp=c* ; and if, in the e- 
quation of the curve, we fubftitute tp^ for cc^ we ihall have /^'=- 
tpx-^px^ (the equation of the curve in the terms of t he pa rameter) 
which being reduced to an analogy gives t'.p'.:t-\^x-K x\y*. 
^E.D. 

Co'rollary. 

As the red^glc of the tranfvo-fe added to any abfcifla, into that- 
abfcifla, is to the fquare of the ordinate appHed to that abfcifla ; fo 
is the redangle of the tranfveric added to any other abfcifla into that 
abfcifla, to the fquare of the ordinate apply'd to that abfcifla ; for (by 
this Pro/.) f+^xx:/:: (/:/►::) i+Xx X :Y\ 

PROPOSITION m. 

As half the' tranfverfe axis, is to the fum of the tranfverfe and 
focal diilance ; fo is the focal diftance, to half the parameter 
of the axis; that is (by putting y for the fixal diftance) itiit-^^ 
■.-.q-.if. 

Demonstration. 



CK (=CE)— AC=AK_i_that is, • if'+ic'—it—q i but (by Fig. j. 
Pnp.'z.) t<:'=i//, .-.Vit'+itp—it^^q; anditf=tq+q';i.e. 
it:t+q::j:ip. ^E.D. 

PROPOSITION IV. 

THE parameter of the axis is equal to double the ordinate paff- 
ing through the focus j that is, (if _)> be put for the ordinate 
palling through the focus) ^f^^^ orp^zy. 

Demonstration. 
By Prop, 2. (if you put q for the focal dlAance) t:p:: t-\-q x q : 
y' ; and (hy Pnp. j.) '+g>^q=itp, .•. (by fubftitution) t:p::itp 
: (t/f =) /.'and ip=iy. ^ E'. D. 

PROPOSITION V. 

AS the film of the tranfverle axis and its parameter, is to the di- 
ftance between the foci ; fo is the diftance between the foci, to 
the tranfveric axis, 

F 2 De- 
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Demonstration. 
Put KH=^; then i,J=^ (iKH=CK=CE) /i?+J?. and 
■i3'=t/^-f ir% or ^' =/'+£■'. But (by Prop. 2.) tp^c*^ .-. 1,-=, 
t^-^tp'^ that is, /+/ : b::b:t. ^ £. Z). 

PROPOSITION VI. 

AFourtli proportional to the conjugate axis, tranfverfe axis, and 
any ordinate, is a mean proportional between the tranfverie 
added to the abfcjfla, and the abfcifla of that ordinate. 

Demonstration. 

Let the fourth proportional be b ; then c-.t-.-.y-.b^ and — = ^. 

But (by Prop. 1.) /* :c' ::7+x x x:^'' ; or t:c::f^t-\-x xxryj 

therefore / t^x x x:=(^=) b, ^E.D. 

PROPOSITION VII. 

AS the fquare of any ordinate, is to the reftangle of the tranf- 
verfe added to the abfcifla into the abfciila j lo is the fquare of 
the conjugate axis, to the fquare of the conjugate axis fubdufted 
from the Iquare of the diftance of the foci. 

Demonstxation. 

Let the .diflance between the foci be b ; then c'-^t*=b*y and /* 
=b^—c\ But (by Prop, i.) f -.T^x x. x : : c^ : (^•=) b'—c\ 

PROPOSITION VIII. 

AS the fquare. of any ordinate, is to the redangle of the parame- 
ter of the axis into the abfcifla ; fo is thie fquare of the conju- 
gate axis added to the fame rectangle, to the fquare of the conjugate 
axis; i.e.yipx-.'.c^-^px'.c*. 

Demonstration. 
By the equation of the curve, t*y*=c^tx-\'C*x* ; and (by Prop. 
z.)—=ty .-. (by fubftitution and expunging) c^y^^pxc^-^-p^x' ; 

ihsxis, f:px::c*-\-px:c\ ^E.D, 

PRO- 
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PROPOSITION IX. 

AS the dilUnce from the center to the ordinate drawn from the 
point of contaft of any tangent, is to the abfcifla of th;it ordi- 
nate i fo is the fum of the tmnlvcrie and abfcifla, to die fubtangent ; 
that is, CG : AG : : BG : GT. Fig 4- 

Demonstratiok. 
SuppofeF/, an indefinitely fmall part of the cur/e, andprodac'd 
fo as to cut the axis in T ; draw the ordinate FG, and, parallel to 
it,pqi draw Fr parallel to the axis, andputAT=tf, Fr^y, G= 
«, and rp=m. Then GT=<i+x, By=^+x-f-«, A^=x-\-n, and 
pq=y-\'m. But pr:rF:: FG : T j that is, m :n::y: x-\-a^ 

.-. »x-^=x-i-tf, and (by Pro/. 2.) tip:: /-fx-j-nx-t+« ; J+mx 

y-^m-j z[io t-.p :; t-{-xyi.x:y* i whence (from the firft analogy,) 
ptx-\-ptn\-px^-\-2pxn—2tym={ty^^ from the 2d. analogy) /)^:c 

-i-*xS .-. ptn-^2pxtt=2tym ; and»=: ^ — . But <7-|-x=«x 

"^ ^ -^ ^ pt'\'ZpX 

2, therefore^+«=f "^'°' xi= "/ =J£.y,^-=t^-^. 
m \pt+2px m pt+2px p f+2« ^ 

2 2/X+2X' . tX-[-X* .L ^ • . ^ , 

;('x = =) —Z — ; that IS, it + x:x::t + x: ■ 

a+x, or CG : AG : : BG : GT. ^E. D. 

PROPOSITION X. 

AS half the tranfverfe added to the abfcifla of the ordinate from 
the point of contaft, is to half the tranfverfe axis ; fo is half 
the tranfverfe axis, to the diftance (in the axis produc'd) from the 
center to the intcrfeftion of the tangent j that is, CG : CA : : CA 
:CT. 

Demonstration. 
CT=CG— GT. ButCT=if— <z, CG=4/+«';and(bythe 

laft) GT=^i^±ii, .-. 4/-a=(i*+:t-— ±ii=)-4^, andw+ 
' t<+* '■ t^+x 'it+x ^ 

X : it : : it : it— a, or CG : CA : : CA : CT. ^E. D. 

PROPOSITION XJ. 

AS half the tranfverfe added to the abfcUfa of the ordinate drawn 
from the point of contaft, is to half the tranfverle axis ; fo 
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the abfciila, to the diftance from the vertex to the interfe^oa of the 
tangent J that is, CG ; AC : : AG : AT. 

Demonstration, 

By the laflr, =-/— g=;- ^ . ■-, therefore a=-^ — ; and i-Z+x : \t 
• : : AT : tf ; or, CO : AC : : AG : AT. ^ 1. Z). 

PROPOSITION XII. 

S half the tranfverfe added to the abfcifla of the ordinate kora. 
^ ^ the point of contadl, is to half the tranfverfe ; fo is the tranf- 
verle added to the abfcil^ to the tranfverie lefs by the external part j 
Fig. 6. that is, CG : CA : : BG : BT. 

Demonstratjon. 

By Prop. . X. .=j^. .-. ,-^=(._j^=)-^. and 

it+x-.if.-.t+xxt-a; orCG: CA:;BG:BT. ^ E. D. 

PROPOSITION xm. 

As the tranfverfe added to the ablci/& of the ordinate from the 
point of contact, is to the tranfverfe lefs by the external part ; 
10 IS the abfcifli to the otternal part ; that is, BG : BT : : GA : AT. 
Demokstratioh. 
^y Prof. II, it.\-x: it :: X -.a i mi (hy Prop. 12.) it+x: 
if : : t-^x : t — a, .•. (by equality) ^-f^ : / — a :: x : a ; or BG ; 
BT;:AG:AT. ^fi.£>. 

PROPOSITION xrv. 

AS half the tranfverfe lefs by the external part, is to half the 
tranfverfe j fo'is the external part, to the abfcifla of the ordi- 
nate from the point of contadt ; that is, C T : C A : : AT : A G. 
Demonstration. 

By Prop, I T. a= ^ . . ; whence x~-i^ — , and it — a : i/ ; s 
■' '^ it+x it— a 

«: Jii orCT: CA::TA: AG. S.B.D. 
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PROPOSITION XV. 
S half the tranfverfe lefs by the external part, is to the tranfverfe 
lefs by the external part ; fo is the external part, to the ab- 

fcil& 
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fciHk of the ordinate from the point of contadl added to the external 
part ; that is, CT : BT : : AT : GT. 

Demonstration. - 

Bythelaft, *-t5^. .:x+a={a-i-^=)i^r:£ ■ andi/fi- g 

— ij:/— rf::tf :>:+^; orCT:BT:: AT :GT. ^E.D. 

PROPOSITION ^VI. 

S the tranfverfe axis added to the abfciila of the ordinate from 
_ the point of conta^, is to half the tranfverfe axis ; fo is the lame 
abfciila added to the external par^ to the external part ; i, e. BG : 
CA::GT:AT. 

Demonstratigk. 

and/+x:^f ::*+tf :tfi orBC: CA::TG: AT. ^ £. D. 

PROPOSITION XVII. 

AS the tranfverle axis lefs by the external part, is to half the 
tranfverfe axis^ fo is the fubtangent, to the abfcifla of the or- 
dmate drawn from die point of contadt; that is, BT : CA : : TG 
: AG. 

Demonstration. 

By Prop. 14. 4/-tf^i^j .-. t-a^{^t^^~^)i 



z.ndt—a:^t::x-{-a;x; orBT:CA::TG : AG. ^B.D. 

PROPOSITION XVIII. 
f"|~iHE ratio of the ordinate drawn from the point of contadl to 
X the fubtangent, is equal to the ratio compounded of the ra- 
tio of the diftance between the center and ordinate, to tlie ordinate; 
andof the ratio of the parameter of the axis, to the axis; that is, 
GF CG p 
GT~i-G''? 

Demonstr at I.O n. 
By Prop. 9. tx-\-x*-=:^t'^xyix\-a ; and (by Prop. 2.) t : p : : ^. 
{tx-^x*=) it-^xxx-Jf-a -.y, .•.ty*:=pxit-^xxx-^a;and {if yon 

divide 
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divide by x-^a) -2_=^x-i/+Jf i and again (if you divide by ty] 
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PROPOSITION XIX. 

IF, from the vertices of the oppofite feilions, and from the center, 
perpendiculars be drawn to the axis, and cut any tangent, and 
alfo an ordinate be drawn from the point of contad:, then thefe' four 
lines fhall be proportional ; that is, BO : CP : : FG : AQ^ 
Demonstration. 
By Prop. 15. TB : TC : : TG : AT, .-. (by 4£. 6.) BO : 
CP::FG: AQ^ ^£.D. 

Corollary. 
Hence BOxAQ=CPxFG. 

PROPOSITION XX. 

[F perpendiculars to the axis be drawn from the vertices of the op- 
pofite feiilions, and cut any tangent, the rediangle of thefe per- 
pendiculars fhall be equal to the rcff^gle of the greateft and leaft di- 
ftance of either focus from the vertex; that is, BOxAQ=KAx 
KB^AHxBH. 

Demonstration. 
Let AQ==m, BO=n, and AK, orBH=y; then (byfimilar As,) 
T/izy.: (a: x-\-a : : by Prop. 16.) kt : t-^x ; alfo niyi: {t—a : 

x-\-a : : by Prop. 17.) -J-/ : x, .: m=^-^ ; and n=^iand(thefc 
being multiplyed,) mfi== ^ ^ , , .'. mn :it' :: {y'- : tx-\-x^ : : by 

Prop. 2.) p 1 1 ; and ?n«= (ipt—hy Prop. 3.) iA-q^cg; orBOx 
AQ^AKxKB=AHxBH. 

Lemma. 
Pig. 5. If) on the extremities of any chord line A B, perpendiculars, as 
BQ^, A D, be drawn, and if any right-line, as DC^pafs through 
the center, and cut thefe perpendiculars, then the external parts 
O Q^ P P, of that line fliall be equal ; and the reftangle of the per- 
pendiciilaifi Ihall be equal to the redlangle of the fecant QP into the 
external j)art QO. 

De- 
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Demonstration. 
Becaufe the angle A is right, .-. BN is a diameter, and pafles 
through the center C, and A CBQ^ fimilar to the aCND, .-. 
CB:CN::CQ:CD::BQj.ND. ButCB=CN, .-. CQ= 
CD, BQ=ND, and QP=DO; but (by 36 £. 3.) DAxfOBf 
=)BQ=:DOxDP^QPxQ9. ^£.2). 

PROPOSITION XXI. 

IF, from the interfe<aions (P, S, of a circle drawn on the tranlVerie, Fig. 6. 
with any tangent, perpendiculars (as PA, Si) to the tangent be 
drawn, I iay they will interfed the tranifverfe axis jM-oduc'd in the fo- 
cal points K and H. 

Demonstration. 
The As, TOB, TPi, TAQ^ and TSi having the angles at 
T common, and each aright angle, are iimilar, .-. BO : PA : : SA 
: AQ^ andBOx AQ= (PAxSi— by the preceding Lfmaw) A A. 
xAB, or^BxiA, But (by Pro/- 20.) BOxAQ=HAxHB, or 
KAxKB, /. the points K, k^ and H, h are coincident. ^£. £>. 

CoROLLARy. 

KSxPH=^^/, becaufe HAxHB=:^//, by Prof, 3. 

PROPOSITION XXII. 

IF, from any part of the curve, lines be drawn to the foci, and Fig. 7. 
the angle formed by thofe lines be bifeded, then the bifcc- 
tiiig line will be a tangent to the curve in the angular point. 
Demonstration. 
Take FX=:FK j then (becaufe by hypothefis Z.HFT=aTFK) 
if you take any point, o, in the line FT, the line KS=:SX, by 
4£. i.DrawSHjthen AB (=HX)+(SX+) S K is greater than 
S H, .'. the point S is without the curve j for if it were in the curve, 
AB-j-SK would be equal to SH, by the Genefis. 
Corollary. 
Hence lines drawn from the foci, to the point of contaft, nuke 
with the tangent equal angles. 

PROPOSITION XXIII. 

Right line perpendicular to any tangent at the point of con- 

tafl^ bifefts the angle made by lines drawn through the point 

G of 
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of contadt, and from the focus points ; that is, if FY be perpendi- 
cular to FT, then the Z.ZFY=^HFY. 

Demonstration. 
TlieALFY=ATFYbyhypothcfis, and the/lLFZ=(KFT 
^ by Pro^. 22.) TFHj which being taken from the £}rmer, there 
ren»ainsiZFY=AHFY. ^B.D. 

PROPOSITION XXIV. 

IF, on the tangent at the point of contadt, a perpendicular be 
drawn, and, from the point where that perpendicular cuts die 
axis, two lines be drawn perpendicular to the lines which conneiS the 
foci to the point of contact, then the difrance on thefe hues between 
the point of contact and the perpendiculars, will be equal to half 
the parameter of the axis ; /. e. Fy=Fr=ST/. 

Demonstratioh. 
Pig _ ■ From the points S, P, where a circle on the tranfverfe cuts the 
tangent, draw Unes to the foci H and K, which (by Prpp. 2 1.) will 
be perpendicular to the tangent, .". P K, H X, and Y F are parallel; 
continue HS to X; then (by Prep. 22.) HS=SX, and HF= 
FX, .-. KX=AB=/; alfo aKFY is funilar to aKXHj 
and becaufe the ^.FPK=^YyF, and the angles PKF, and 
yF Y are the complements of the Ay FL, .■. AsPKFand YFj 
arelimilar, and KX:XH:: (KF : FY : :) KP : Fy, andKXK 
. rj=XHxKP, ori^KXxFj=(tXH=)SHxKPjthatis, it 
xFy=(SHxKP= by Prep. 21.) ipt, orFj=i/;but (by 26 £. 
i.)Fr=Fj, .■.Fq=Fr—ip. ^E.D. 

PROPOSITION XXV. 

TF perpendiculars from the vertices cut any tangent, the part of 

i the tangent intercepted between the interfedtions Ihall be the 

Hmneter of a circle whole periphery (hall pals through the foci. 

Demonstration. 

ji, ,0 By Prop. 20. BOxAQ=HAxHB, .-. BO:BH::AH: 

' AQ^ Butz.QAH=/LOBH, .-. (by6JS. 6.) A A QH is ii- 

milar to aOBH, and .lBOH=z.AHQ, Alfo iAQH= 

iBHOj but aAQH+aAHQs: a right angle; .-./LCiBO 

=(AH<ifBHO==fa right angle, and (1^ 31 £. 3-) O Q.is a 

diameter. In like manner <^0 may be pro^ a right angle. ^EJ^. 

Co B- 
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C O R O L L A r. Y. 

If O (ibe bifefted in N, then N 0=H ; : .- N' Q^ 

PROPOSITION XXVI. 

IF, from the remoter focus, a right line \x drawn to the point of 
conta(ft, and in tiiat line H X=AB, and from the other focus 
K X be drawn, and cut the tangent in S, then a right line drawn 
from the center to that interfedlion will be equal to half the tranf- 
vcrfe axis ; that is, C S=(i^A B=) C A. 

Demonstration. 
In the AS KCS, KHX, the ^K is common, KC=CH, Fig. 11. 
and (by Prop. 22.) K S=S X, .-. (by 6 E. 6.) the As are fimilar, 
and CS is II toHX; alfo CS=(tHX=tAB)=CB=CA. ^E.D. 

PROPOSITION XXVII. 
XF, from the remoter focus, a line be drawn to the point of con- 
I ta£t, arid another from the center || to the tangent j the diftance 
between the point of contaft, and intcrfedlions of thefe two lines, is 
equal to hatf the tranfverfe axis; that is, FZ=i-AB. 
Dbhonstration. 
Draw CS II HFj then is the figure F Z C S a , .-. ZF=(CS 
=by Prop. 26.) A C=f A B. ^ fi. O. 

PROPOSITION XXVIII. 

IF, within the curve, lines be drawn parallel to any tangent, they 
will be bife<5ted by a diameter produc'd through the point of con- 
taa. AlfoABCS=ACDr-A^^»=AC\^-AV/x. '* "• 

Demonstration. 
Put Jz=y, Jp=c, Cd=n, BS=r, dr=p, Vx=Y, CV=^, p^ „ 
Vii=f, V/=i, andtheabfciflasB^, BV=x, X. Then, 

I. Byfimilar As^=(|2= by Prop. i8.)^x|. Butg|= 

— by fimilar AS, .•.<-=— x-?. Divideby-, and — =;-^x- ; mul- 
r ' * c r t '/' rep 

tiplyby cr^, and ^tcy=ry*%-. But (byPro^. z.)y*%- s=/x + 

j c*, .-. 4^^y — rx/x+x') and rn' — 4^/f^=:(r«'— rx^x+Jf'^ ) r% 

s'— /j(r+x*j and by (6 JE. 2.) n*— /x4-*'=i'*, .\rn^—itcy=r 

G 2 X i/' J 
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if ; divide by if, lad-, fyasrxi/. Byfimilar As«:r:: )i:/= 

", .-. (by fubftitution) nf—cy=rii.it, orCtlxJr—JpxJz=^BS 
xBC; that is, ACdr—pdz^^ABCS. 

2. By Cimihr AS -r=(^= by Prof. i8.)p^x^. By fimi- 

lar As -j^^^: -, .•- — =*x-. Divide by", and2^=-j-x-jmultiply 
GF n' b q t ' t' q b p '^ ' 

by hqY, and gby=qY- x ^ ; but (by Pnp. 2.)Y' x^= tX+X'; 

th erefor e gbY= :qxtX+X; and qg'—gbY={qg'—q><tX+X'=) 
yxJ^X+X- J but (by 6 E. 2.) g'— 7X+X'=il" ; .-. qg'—gbY 
:=qxif. Divide by ^, and ^^ — bY=^ " ^ ; but (Ijy fimilar As) 

g: q;: it '. r=2^, .-. (by fubilitution) qg~bY=rx it, or Vo x 

CV— V/ixV«r=BCxBSi that is, AC Vo-AV^jr=A BC S= 
(by the former part) A Cdi — Apdz, and (by tran(poiition)ACVff 
—ACdr=Ayfx—Apdz. 

3. From both fides of the laft equation taJce the figure JzioV, 
and there remains the Aoxb— and fimiiar Ahzr, /. xh=:bz.^EJ>. 

PROPOSITION XXIX. 

THEaBSC^aCFTj alfo the tra pezium d BS r=Apdz, 
and Aizr=triipezium b F T/, and FT+^xiF=zixr/S. 

DZMONSTRATION. 

Fromfimilar AsBS:FG:: (BC : G C :: by Pro^. io,)CT 
:BC,.-. BSxBC=FGxCTiorABSC=ACFT=(byPro^. 
28.) ACdr—Apdz=ACVi>—AVpx, .: (by tranfpofition) 
A'&CS+ Ap dz= AC dr; fi-om each fide take aBCS, then 
there remains A p d z=s=trapezium dB S r j and (by tranlpofing the 
ift equations) aCFT+aV/ix=aC V«j fiom each fide taite 
aCW -{-trapezium pboV, and there remains (Ao^*=) Abzr 
=trapezi um bFTp, and (by LemraatoFrcp. n, cl£ Ha Parabola) 
FT+i/xFi=zixir. kiE.D. 

Di- 
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D E F I N I T 1 O K. 

Let FS : FQ^: ^r : is : : 2FT : P, the parameter of the diamc- 

T-vir i_ T. ^^ 't 2FT , 

terFYj thcnP= — 7 j andj 

or 

PROPOSITION XXX. 

AS any diameter is to its parameter (fo obtained) To is the reft- .,. 
angle of the diameter added to theabfcifla intotlie abfcitlj, to '^' '^' 
the fquare of the ordinate of that abfciflaj that is, if you put D= 
FY, *=Fi, andjf=iz, or ix, it will be D:P::i)+xx x:/. 
Demonstration. 

By the Dejinitim P=-ii|^, therefore P x5^Ji£=e|EI 

D+7x«r y ,^— - 2FT „ 2FT /FT ,. , . 

X— g— =^ixD+^xxx-p-. But-^=(^=)byfimi- 

lar As . — ; therefore (by fubilitution) ^ ^ ^ —\Tr* 

l)4-x X T«= (by Lemma to Pris^. 36 of the EUipfe) Z~x y xbr 
=)/, .•.D:P::0+;x*:/. ^£.D. 

PROPOSITION XXXI. 

IF a tangent cut any diameter, and if, from the point of contad^ 
an ordinate be drawn to that diameter j then, as the femi-diame- 
ter added to the abfcilTa, is to the abfciila, fo is the diameter added 
to the abfcifia, to tlie fubtangent on ' that diameter ; that is, C P : 
FP::YP:PT. 

Demonstration, 
Let QGbe an indefinitely fmall part of the curve, and produced Kg. 13. 
to cut the diameter in T ; draw the ordinate GP, and, parallel to 
it, Qp ; draw Qr parallel to (YO) the diameter ^continued j and 
put Gr=n, Qr=ffl, and FT=<i. Then YP=D+>', Y0=D4. 
x+n, OF=x+», QO=:;r+»», andPT+ar+aj and (by fimilar 

As) m:n::y:x-'f(i, .•. x+a=n x ^, But (by Pr(>/>. [30.) D : P 

■.■■'D+x+nxx+»:y+m%y+m; andD :P: :D+x x x: / jand 
reducing the firft analogy into an equation, we (ball hare PDx+ 

PDb 
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PD/i+Pi'+2Pxn— 2D;i»= (D/= in theidMahgyJPDx 

+Px; .■.TDn+2Vx!,=2Dym,<indn= ^lj^^'" . Butx+,i 
^ PD-\-2Px 

' D+2X D+2X ' iD+X 

+x:x+aj orCP:FP::YP:PT. ^iS.fl. 

PROPOSITION XXXII. 

'He fame things being fuppofed as before, as the iemi-diame- 
ter added to me abfcifla, is to the femi-.diameter, fo is the fe- 
mi-diameter, to the Temi-diameter lefs by the external part ; i. e. 
CP:CF::CF:CT. 

Demonstratioh, 
CP-PT=CT. But CP=iD+x, CT^iD-»; and (by 
Prep. 3..) PT=^-, th^ore iD+.-^gg. „^= 

iD— a; that is, fD+*:4D::iD:iD— a; or CP:CF::CF 
: CT. % E. D. 

PROPOSITION XXXIII. 

S the femi-diameter added to the abfcilia, is to the iemi-<]i- 
ameter, fo is the abfciHa, to the external part j that is, CP : 
CF::PF:FT. 

Demonstration. 

Fig. 1). 'BjProp. j2.j^— -=iD— a, .-. iD'=iD-++Dx— 4Da— 

xa, and 4Da+xa=iDx, .-. il>-\-x : iV> : : x : a ; or, CP: CF 
::PF:FT. k^E.D. 

PROPOSITION xxxrv. 

AS the femi-diameter added to the abfcifla, is to the iemi-diame- 
ter, fo is the diameter added to the abrdfla, to the diameter 
lefs by the external part ; that is, CP : CF :: YP : YT. 
Demonstrati'on. 
By Prep 33. <,=-^^, therefore D-«= (D-^j^-=) 

DisilizBdbyGoO'^le 
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l51±iHf, andiD+x:4D;:D+*!D-«i orCP:CF::YP 
:YT. ^E.D. 

PROPOSITION XXXV. 

AS the diameter added to the abfciHa, is to the diameter lefs 
by the external part, fo is the abicii^, to the external part ; 
i.r. YP:YT::PF:FT. 

Demonstration. 
ByPro/>. 33.4D+x:iD::x:«i and {by Pnf. 34.) iD+x: 
4D::D+x:D— a, .-. (by equality) D+x: D— «::x:<ii or YP 
:YT::PF:FT. ^B.D. 

PROPOSITION XXXVI. 

AS the femi-diameter lefs by the external part, is to the femi-di- 
ameter, fo is the external part, to the abfciffi ; «'. *. CT : CF 
::FT:FP. 

Demonstration. 

By Prop. 32. jP* =iV)—a, .: iD'=iD'— iDa+fDx— 

xa; andiDx— x<i=iDai i.e. iD-a:iD::a.x -. or, CTr 
CF::FT:FP. ^E.D. 

PROPOSITION xxxvn. 

AS the femi-diameter lefs by the external part, is to the diamo^ 
ter lefs by the external part, fo is the external part, to the fub- 
tangent ; i.e. CT -.YT -.-.FT: PT. 

Demonstration. 
By Prof. 36. 4Dx— x«=4Da, .•.x= ,tr^ ; anda+x= (a"*''"' 

+ 4^=) ^^"'' . and 4D-«:D-«::«:x+ai or CT: 
4D— d ' 4D— « 

yT::FT:PT. ^E.D. 

PROPOSITION XXXVIII. 
S the femi-diameter lefs by the external part, is to the femi^ 
^ diameter, fo is the diameter lefs by the external part, to the 
icter added to the abfeiffius '•'• CT : CF :: YT : YP. 

De- 
Di,iii-si-,v^-.oo^le 
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Demonstration. 

and ;D— «:iD::D— »: D+x; or CT :CF :: YT: YP. 

PROPOSITION XXXIX. 

IF any ordinate to the axis (as V x) be continued to (N, in) the 
focal tangent (TO), then the diftance (VN) from the axis to 
that point in the tangent, Hiall be equal to (Kx) the diAance from 
the focus to the extremity of that ordinate. 

Demonstration. 
Fij. ,4. Put CK=*, CB==f, CV=J, then AK=i+c, B^=i-c, VK 
=dtr, i,BV=J~c,miAV=J+c. Then, 

1. The point K being the focus hy Prop. 4. KL=half the para- 
meter of the axis, and (byPri5>. 3.) CB; AK :: KB tK-Lj ori:;< 

■+c : : i-c : i^'= (KL=) if. Alfo (by Prof. 10.) CK : CB 

::CB:CTior,*:c::c: T=CT. But CK— CT=KTi l.i. 

i_^^"=*!:^=KT,andCV-CT=VT, w d-'j=i^ = 

VT ; and (by fimilar As) KT : KL : : VT : VN i or ^1^:— 
^bd — c^ hit — c* VK 

2. By Prop. 2. CB : KL : : AV K VB : Vxq i or c-^^Z^-.-.J'-' 

c':t^^zt£z:££+fl=Vxq; andVKq=rf'-2^4+**- Bat 

(by47.£. l.)VKq+Vxq=KxqiOr£i:ii£iiiil£=Kxq) 

and by extrading the fquare root, Kx s= ( — ^^—^ by the firft 
part) VN. ^ e: D. 

PROPOSITION XL. 

Fig. 14. TF perpendiculars be drawn from the vertices to the focal tangent, 
X. then thefe perpendiculars Oiall be equal to die diifance (in the 

sxis) : 
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axis) from each vertex to its adjacent ibcus refpei^vely ; that is, AO 
=AK, and BQ=BK. 

Demonstration. 
By Prof. 20. AO X BQ^AK x KB, .-. AO : AK : : KB : BQ. 
But (by Pri^. 39.) BQ^BK, .-. AO=AK. ^ E. D. 

PROPOSITION XLI. 

IF, through the point of contact of the focal tangent, a right line Fig. 14. 
be tliawn to the vertex, and any ordinate be prxiduced to the 
tangent, and cut that line, then the diftance between the tangent 
and interie<^on of thcfe lines, is equal to the dilUnce (in the axis) 
from the focus to the application of the ordinate j that is, DN =K V. 

Demonstration. 
From flmilar As AO: DN : : [(LO : LN : : AL :LD : :) AK : 
KVi ButAO=AKbyPn}>.4o, .-. DN=KV. ^E.D. 

Of the Hyperbolic Asymptotes. 

PROPOSITION XLII. 

IF any ordinate to the axis be continued both ways to the Aiym- Fig. 15. 
ptotes (asNGP) then the fquareof thciemi-conjugateaxis (BE) 
will be equal to the reftangle o£ the greateft and leaA dillance of 
either extremity of that line from the curve; that is, BEq— NS x 
SP=PrxrN. 

Demonstration. 

Let NG=PG=*, and the other fymbols as ufual ; then CG= 

i<+x,and(by fimikr as) CBq:BEq::CGq:GNqi i.t.if: 

(ic'=) itf : : if+t x+x' : i% .: i' =£%if+tx+x'. But (by 

Prof. 2) t:f:: tx+x' :/, .•. f=s£yitx+x', and h'-—y'= ( —x 

if=ipt^)ic'. Altoi+}:ic::U:i—y; orNS:EB::EB 
, :SP. ^E.D. 

PROPOSITION XLIIl. 

* I *HE Afymptotes continually approach to the curve. 

H De- 
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Demonstration. 

By Pre/. 42. EB'=NSxSP=0<3x<?Y, therefore NS : O^?: : 

^Y : SR But NS is lefs than O^, therefore aY is Icfs than SP, 

and confcqiiently the point Y is nearer to die curve, thin the point 

P. ^£,D. 

PROPOSITION XLIV. 

IF the 'Afyoiptotes and curve be infinitely produced, they will 
never concur. 

Demonstration. ^ 
From the two firft analogies oi Prop. 42. ii follows, that -i-z-f-vi' 
: ^' : : ^^I^x x -.y" j that is, CG q : G Nq : : A G x EG : Grq. Bet 
(by 6; Eu. 2.) CGq is greater than AG x BG, .-. GNq is greater 
than Grq, and GN greater thanG;-; and confequently wherever 
ihe point N is taken, it will never touch the curve. 

PROPOSITION XLV. 
TF an ordinate to the axis be produced both ways to the Aiyni- ' 

ptotes, then the parts intercepted on each fide_^between the cun'e 

and afymptotes are equal ; /. f. SP=rr^. 

Demonstration. 
Fromfimilar AS, BD-:BE::GP:GN; butBD=BE, .-, GP 
=sGN, and the ordinates GS, Gr^ being eqiiBl, rN will be=SP. 
Definition. 
rig. 16. If the tangent to the vertex of any diameter be continued both 
ways from the point of contadl:, with this condition, that as the dia- 
meter pailing through the point of contad, is to its parameter, fo is 
the fquare or the femi-diameter, to a fourth proportional j then if 
the fquare root of that fourth proportional be fet both ways from 
the vertex on the tangent (as FP, FQ) the extremities will deter- 
mine the conjugate diameter, and if, through thefe extremities, right 
lines be drawn frtmi the center (as CP, CQ.) they ihall be Aiym- 
ptotes. 

PROPOSITION XLVI. 
F^ 16. TF any ordinate to a diameter be produced both ways to the A- 
\_ fymptotes (as mbn) then the fquare of the femi-conjogate dia- 
meter will be equal to the rectangle of the greatcft and leaft diftance 
of either exttemity of that line frjm the curve j that is, FPq=«2i 
Tizn—nr-K-rm, ■ • . , 

. 0E- 



Dintiz.dbyG00gle 



Part III. 0/ /is H YPE RBOL A. 59 

Deuonstkation. 
Put bm=r, br=^y, FP=FQ=4^f ; then (by the Bejmition) D : 

P : : CFq : FPq ; or D : P : : 4D» : ^c\ /. ic'=^^=iPD.But 

(from fimilar As) CFq:FPq ; C^q:*mq j that is, iD* t^DP: : 

iO+*j':rS .-. r*=^x4^D'+Dx+j^j and {by Prop. 30.) D :P 

p yp 

: :D-{-x>ix:y'^, .: y'=—*-xDx-^x'y andr'— /=f — x iD*=) 

ic^. AUbr-^-y.-ic-.tiC-.r—y; orFP<issntzxzn=rnxrm. 

PROPOSITION XLVII. 

THE Afymptotes drawn through the extremities of any con- 
jugate diameter, and produced, do continually approach the 
curve. 

Demonstration. 
By Prop. 46. mz x. mr:= (FPq=) ivt x ivs, .-. mz •.wt::ivs' 
mr. But mz is lefs than -wf, .•. ips is lefs than mr, and confe- 
quently the point w is nearer tije curve than the point m. ^ jE. S. 

PROPOSITION XLVIII. 

THE Afymqtotes, produced through the extremities of the con- 
jugate diameter, will never meet the curve. 

Demonstration. 
By Prop. 46. TPD=ic"=FPq ; and (by fimilar As) Jw)' : C^,* Fig. 16. 
::(FPq:CFq::iPD:tD'::)P:D; and {hy Prop. 30.) "^i": 
Yi X Fi : : PD; therefore (by equality)*^!' : Y^ x iF :: ^' :C^,*. 
?ut by (6. Eu. 2.) C^i' is greater than YS x F^, .-.^u]' is greater 
than^', and ^w greater than ^j J confequcntly wherever the point 
w be taken in C P produced, it will be without the curve. ^ E. D. 

PROPOSITION XLIX. 

IF ordinatcs to any diameter be produced both ways to the afym- 
ptotes, then the external parts between the afymptotes and the 
curve, are equal ; 1. e. rm=zn. 

Demonstration. 
From fimilar As, PF:FQj :3m: iff. But PF=FQ, .-.bm^ 
H 2 3» i 
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hn % from which if you take away the equal ordinates, there will 
remain rm=izn. ^E.D. 



Fig- 



PROPOSITION L. 

IF the right line rt he drawn parallel to the diameter FY, dien 
the iquare of the femi-diameter C F fliall be equal to the retftan- 
gle contained under the greateil and Icaft diflance of either extre- 
mity of that line from its adjacent afymptotc ; that is,CFq=ri/x rp 
=pt xtd. 

Demonstration. 
Put FQ=PF=c, FC=^t, mr=.b^ rp^d^ rn^p, and rd=sLq. 
Then, becaufe A tnrp is fimilar A PFC, and a nra is iimikr A 

QFC,by4.£.6.*=J,and|=f, ,.^='1, o. pb-.c- -.-.qd: 

t'. But (by Prop, 46.) i/=f", .-. qd=f, orCFq=rJxrp. 

PROPOSITION LI. 

IF a right line be drawn paiallel to any diameter, and cut the op- 
polite hyperbolas, then the parts of that line intercepted be- 
tween the curves and afymptotes are equal j /'. e. rp^=td. 

Demonstration. 
Make the abfci0a Y9=F^ ; draw the ordinate Dt^ and the conju- 
gatcYR. Then, fiom fimilar As, mr-.rp:: (PF=FQj,FC:: 
YR : YC : :) Sf : /■</. But mr= (zb=) S^ .-. rp=td. ^ E. D. 

PROPOSITION LII. 

Pig. 18. Tp^ through any two points (L, M) in the curve, right lines (LV, 

J[^ MT) be drawn parallel to the aiymptotes, then the redtangles 

under each of theic lines and the adjacent diilance (on the aiym- 

ptote) fiom the center, fliall he equal ; i, i. LV x VC=MT x TC. 

Demonstration. 
Through the points L, and M, draw the right line LM, and let 
RL=j., LV=J, RV=/, MQ=z, QT=x, MT=c, VC=b, 
and TC=a. Then, becaufe of parallels, the As RVL, RCQ,MTQ_^ 
are limilaT. But (by Vrop. 49.)_y=«, .■. c=^, and x^d, and c {= 
p:)d:: (p+i=) c+i : (a+x=) a+J; .: ca=di, or LV x VC 
=MTxTC. ^E.D. 

Co- 
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CoROI-LARY I. 

Hence if the lines MT, rj, y/, &c. be drawn parallel to the 
tfymptotc CR, and the parallelograms Tw, Sn, to, bcc. be in- 
fcribed, they will be equal to each other. Becaufr, by the lame 
reafoning, as in this Prop, wc may prove eachof them equal to the 
parallelogram L C. 

Corollary II. 

Each of the infcriboi parallelograms Tot, S«, &c. is equal to 
the Iquare of a right line (as B S) drawn from the vertex B, parallel 
to the afymptotc CR. 

For (by Uiis Prop.) each of them is equal to BS (=iGC)xSC j 
but (by the Genefis) the ABCGa=^BCS, and (from parallels) 
^.BCG=z.SBC, .-, ^BCSss^SBC, and (by the 6 £. i.) BS=. 
SC ; and confequently each of the parallebgrams T/b, j«, &c. is 
equal to BSxBS, orBSq. 

Scholium. 

Right lines drawn from one afymptote, and parallel to the other, 
and terminated by the curve (as / y, sr,'&c,) are called ordinates; 
and the diftance of thofe lines from the center (as / C, j C) abfcifias, 
and a right line drawn from the vertex, parallel to the aiymptote 
(as B S) the parameter of the exterior hyperbola ; and if ^ be put 
tor fuch parameter, x for the abfcilla, and ^ for tiie ordinate, then 
(by the laft Carol.) pp=^yx. 

PROPOSITION LIII. 

IF, on either of the afymptotes (as CF) from the cento* right lines V\%. 19, 
be let off in continual proportion (as CD, C£, CF;)andif, 
h^om the extremities of thefe lines, there be drawn lines parallel to 
the other afymptote, and continued to the curve (as DG, EH,FI) 
they fhall Ukewiie be in continual proportion ; that is, if C D, C £, 
CFbc^, then DG, EH, F I will be—. 

Demonstration. 
By Pro^. 52. GDxDC=HExCE, and CFxPI^CExEHj 
and (by fuppofition) CDxCF«CExCE, .-. DG i EH : : (CE : 
DC::CF:CE::)EH:FI. ^£.D. 
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PROPOSITION LIV. 

F, on either afymptote, there be let oiF equal parts fitim the cen- 
ter, that is, if right lines be fet offfrgm the center in continual 

arith- , 
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arithmetical proportion (as CM, CN, CO, CP, &c.) and from 
the extremities of thefe, there be drawn right luies piiraUel to the 
other afymptote, and continued to the curve (as MR,- NS, OT, 
PV) thele mall be in continued harmonic pipportion. 
Demonstration. 
MR (=CX)xCM=NSxCN=OTxCO=VPxCP; therefore 
CM : CN : : NS : MR;) C4CN;> CNS;> c^") 

FfB-'9CM;CO :: T0:MR>butCM=^4CO>.-.^TOW^f^MR, 
CMiCP :: VP:MRS GCPS (JvP^j (JiJ) 

andif MRbeequalto i, then NS=4, 0T=4, VP=i, which 
(being the reciprocals of continued arithmetical pwoportion) are in 
continued harmonic proportion. ^ £. JD. 

PROPOSITION LV. 
jrjg, j^ TF, from the center on either afymptote, there be ict three conti- 
JL nual proportionals (as CD, CE, CF) and from their exticnii- 
ties right lines be drawn parallel to the otlier afymptote, and conti- 
nued to the curve (as DG, EH, Fl,) and if on the curve thro' the ends 
of the extreams (as 1, G,) a right line be drawn as L M, then, I Ciy, 
a right line dmwn from the center through (H) the end of the 
mean, (hall bifoa that line j that is, CO bife<as IG in O. 

DEMOHSTRATrON. 

Draw HK parallel to LM ; then (fromfimikr As) EH : KH 
. riFIiLI; andEH:KH::DG:GL, .-. EHq ; HKq : :FI 

xDG:LIxGL. But (by Pro/. 53.) EHq=FIxDG, .-.HKq 
=LIxGL; and (by Pr^. 46.) KH is a tangent to the point H, 
and confequently lO— OG, being parallel to it, is an ordinate to 
the diameter C O, ^ £. D. 

PROPOSITION LVI. 

Fig. 20. T^*--^' *-^E, CF on the afymptote' (and confequently by Pro/>, 

JL 53. DG, EH, F I) be in continual proportion ; then the Ipaces 

(HEDG, EHFI) between the curve and afymptotes on each iide 

of the mean (E H) to the extreams (F \ and D G) fhall be equal. 

Demonstration. 

I. Through the points I and G, draw the right line LM, and, 

through the center and H, draw the right line CO j then (by Prop. 

5; and 49.) LO=OM, .-. (by i £. 6.) aM0C=aOCL. 

But the fpace O G H= the fpace O H I, bccaufe each is compos'd 

of 



of an indefinite niimbcf of eqi'al orJinatc?, tniill'queiiily the fp;.cc 
CHGM= fpace CHJL\ imd frum e.:ch tnke aw.iy the' As 
M G P+N H C=As F L !-j-II C E, tjicn tliere rcinaiils the fy.^^c 
NHGP= fpaceEHFI. 

2. But OCGII OEN hy Prop. 52, .-. nNG=ni^E, and 
confequently the fpace H E DG^(ipi:cc HR G+ QR E=fpiicc 
HRG-hDNG=fpaceNHGP= by the i.part) fpaceEHFI. 

PROPOSITION LVII. 

IF on either afymptote be fet off continual proportionals, and Fig 
from their extremities right lines be drawn parallel to the other 
alymptote, then the fpaces between thefe lines (hall be as the lo- 
garithms of the ratios of the lines 'which bound them : that is, if 
Ca, a, Cc, Cdj &c. be —-, then the fpaCc ad/is as the loga- 
rithm of the ratio of ckto af', and the fpace ^dgf, as the loga- 
rithm of the ratio of dg to af, &c. 

Demonstration. 
Let the fpaces between the parallels be A, B, C, D, &c. (as in the 

figure ;) then (by fuppofition) 7T7=7=r-> .'. (by Prop. 56.) A=B, 

.Cc Cd T, n M *i,.- -c^^ C^ Cc Cd „ 

then A=B=C=D, fid'tr, whence the fpaces are a feries of continu- 
ed arithmetical proportionals, fitted to a feries of continued geome- 
trical proportionals, and confequently the addition of one aniwers to 
the multiplication of the other, which is the property of logarithms j 
as, for example. 

Multiply the geometrical feries-^ =^, the produifl will ^^fr 

cJi 
= by Prop. 52.) „• and add the correfponding arithmetical feries. 
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axisABi then (by P«^. i.) GFq : BG A : : BDq : BCq, and 
G/q:BGA:: Bi/q:BCq, .-. (by equality) GFq:G/q:: 
BDq: BJq, and (by 22 £. 6.) GF : G/: : BD : Bi But the 
fum of all the GF, 6/ do refpeiaively conftitute the areas of the 
hyperbolic fpaces BFG, B/Gi therefore (byi2£. 5.) thefe 
areas are as the conjugate axes, ^ E. D. 

PROPOSITION LDC! 
pArallelogramt circumfcrilting any diameteri of an hyperbola tire 
* efial. 

Demonstration. 
From the vertex of the diameter, and of the curve, draw F I, 
B H, parallel to the afymptote C Q^ and to the other afymptote 
let fell the perpendiculars F G, B D. Put I C=x, F \=y, BD=f. 
andCH=fl; then(fromfimilar As) FP:FQj,:PI: ICj but 
PF=FQj_.-. PI=IC, andCP=2x, and FG (fiom the fimilar 

AsHBD, GIF, is) =-^; .: the area of the parallelogram PFCK 

=PCxFG=ii2f = (becaufe, by ScMm to Prop. 52. yx=uf,) 
2ai;=CExBD=EBC. S^E.D. 
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APPEND! X.. 

Having conlidered the properties of the Parabola^ El~ 
Upfe, and Hyperbola., from their conftnuftion in flam, without 
any regard had to the Ckne, I ihall fubjoin the properties of the 
three figures made by the cutting a Cone by a plane.; which po- 
pcrties, from their being the fime with thoie before delivered, 
plainly prove the figures, whofe properties I have defcribed, to be- 
the tme feftions of a Ome. 

If a cone be cut by any plme^ to find the figure of the JeStim. 

*T ET ABC be a cOTw ftanding on a circular bafe BC, and IEMF«- *4. 
JLj its feftion fought ; and letKILM be any other fedtion pa- ^'jj^ 
rallel to the bafe, and meeting the former fedion in HI ; and ABC, zd. of the 
a third feftion, perpendicularly bifeding the former in E H and ^^f^- 
KL, and the fWf in the triangle ABC; and producing EH (in 
F/^. 25.) till it meet AK in D, and having drawn EF and DG 
parallel to KL, and meeting AB and AC in F and G, callEF= 
a^ DG=3, £0=*, the &iflaEH=>r, and the ordinate HI =y J 
and by reafon of the fimilar triangles EHL, £DG, ED : DG :: 

EH : HL= — ; then by reafon of the fimilar triangles DEF, 

DHK, DE : EF : : DH : (c— * in Fig. 24. and c-\-x in Fig. 25.) 

HK ss*^"^^ ; laftly, fince the fe£tion KIL is parallel to the Imfe, 

and confequently circular, HKxHL will be =HIq, that is, 

; =y* J and if ^ be a frnirth proportional to f, a and b^ then 

— equal/, and (by fubftitution)^-^^^^^^ =/ ; and if X, and Y, be 
put frn- any other abici£a, and ordinate, then by the &me reafoning 
it may be proved that^- =Y*. Hence 

* Sec Tm, J S, of Sir 1pm KewM't Algebra* 

I x..yfhsm 



■ APPENDIX. 

1. When s.cone is cut by a plane which interfeSs both its fides 
(as in Fig.^a^.) then the property of the curve, made by the pkne 
.of that fe^ion, will be fuch, that f— xx>; : y* : : (f : ^ : :) f— Xx 
X : Y^ ; which is the iame property with Corol. to Prop. 2. of the 
ElUpfe foregoing. 

2. When a plane cuts the bafe and fide of a cone continued from 
the vertex (as in Fig. 25.) the property of the c urve, made by the 
plane of that feflion, wilt be fuch, that c-^-xxx : y* : : (c : p : :) 
f-f XxX : Y' ; which is the feme with the preceding Oirol. to Pt'op, 
2. of the Hyperbola. 

l{zconehc cut by a plane parallel to one of its fides (as in Fig. 26.) 
and if AF be =i7, HK=^, EH theabfcifla =>:, and the oidij'.ate 
IH=y', then (by reafonofthefimilar triangles AFE, EHL) AF ; 

(FE=)KH::eH:HL=— ; but KHxHL=HIq, that is, 
— =s^'} and if you make/, a third proportional to «/, and^^then 

— =/, and (by fubftitution) /#=)>*; and ifyouputX, and Y, for 

any other abfcifla and ordiimte, then by the feme manner of reafon- 
ingit may be proved that/X=Y*; whence, Y* :y*:: {pX:px::} 
X:*, which is the iame with the preceding Gr, to JPri^. i. of the 
Parabola^ 
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BOOKS lalely puhlipei for, and fold hy^nvi. Cavk, -j/ Sc John's Gate. 

MISCELLANEA CURIOSA MATHEMATICA. Numb IIL 
containing. Solutions to quefllons in number L and II. and in the 
Gentleman''!, Diary ; alfo new quellions propofed ; The demonftration of 
four theorems in the GentUmaJi's. Magasdne, by Mr Facio; Tables of 
chances for any number of points thrown on i, 2, 3, (dc. to' 12 dice, 
inciufivcly, with the method of computation, We. fc?f. 

Number I- contains, among other ufefu! matters, a difcourfe on the 
velocity and forces in bodies in motion ; Theorems for determining the 
fun's parallax ; .An univerfal fpherico-caioptric theorem ; A theorem 
on increments ; Of the maxima and minima in the celelliul motions ; To 
find the fun's horizontal parallax by zl\e tranfit of Venus over the fun's 
diflc ii 1761 1 A colleftion of curious Queftions, with anfwers to the 
queflions in the prefent year's diaries, and the Gentleman's Magazine., 

Number II. Solutions to all the queftions in number I. An effay con- 
cerning the fums of the powers of an arithmetical prqgrefTion ; foluti<ins 
to the queftions in the Gentleman's Diary ; and twenty new queftions to 
be anfwcred, ^c. 

THE NATURE and LAWS of CHANCE^ wherein the fub- 
jeifl is fully, yet concifely handled -, and the more abftrufe and 
imptfl-fanc problems, as well as the more fimple ones, are rcfolved in a 
general and confpicuous manner: containing the doftrine of combina- 
tions and permutations clearly deduced ; an inveftigation of the pro- 
bability, that a propofed event happens a given number of times in a 
given number or tryals ; a new and very comprehenfivc problem of 
great ufe in lotteries, cards, i^c. with others for determining the pro- 
bability of winning, whether at bowls, coits, raffles, &ff. in any cir- 
cumftance of the play: a problem for finding the tryals wherein it may 
be undertaken, that a propofed event fball happen or fail a given num- 
ber of limes ; another to find the chances for a gi?en number of points 
with a given number of dice: and another on the duration of play ; 
being three of the moft curious and remarkable in the fubjeft, and all 
folved by new and general methods. The folution of a problem pro- 
pofed to the publick fome time ago, in Latiny as a very difficult one j 
with full and clear invcftigauons of the two new problems added to the 
end of Mr de Meivre'i laft edition, the demonftraiions of which that 
author was pleafed to refcrve to himfelf, and whereof he makes fuch 
particular mention. By T. SIMPSON. 

• GEOGKAPHY REFORMED: or, a new fyftem of general geo- 
graphy according to an accurate analyOs of the fcience, augmented 
with feveral neceffary branches omitted by former authors. In four 
pafts. 

I. Of the nature and principles of geography ; its antient and pre- 
fent flate in all nations i its ufefulncfs to-perfons of all profe{Iions, and 
the method of ftudying it ; with its analyfis or divifion into fpecies, ac- 
cording to former authors, and a new plan, (hewing the errors and de- 
feats of thofeofKarmw, SanfoJti la Martinitret Pere Cajitl, &(- 
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z. or mathematical geography and its branches, aftronomical and 
geometrical: (hewing the fevcral divifions of the earrh by regions, he- 
mifphercs, zones, climates, meridians and parallels, ^c. 

3. Hiftorical geography and its fpecies, natural ; civil ; ecclefiaftical j 
national; periodical, ancient, middle, modern; parallel, and critical,' 

4. Of technical geography and its branches : rcprcfentatory, by globes 
and maps 1 fynoptical, by tables v and explanatory, by fyftems and 
diiftionaries. 

Under each branch is given an account of its object and ufe, an ex- 
planation of the terms, the hiftory of its rife and progrefs, with rules for 
exhibiting it to- the heft advantage. The whole illuffratcd with notes 
and references to the; principal geographers, whofe different fentiments 
are cited and examined. Defigned for the ufe ot the curious in general, 
and ftudents in particular. There is added a copious index of the terms 
contained in the work, anfwcriRg theendof a didionary of gener:at geo- 
graphy. 

The natural hiftory of mount Vefuvias, withthecxplanationof the 
various phenomena that ufually attend the eruptions of this celebrated 
volcano. Tranllated from the original Ilaiiariy compofed by the royal 
academy of fciences at iVflfifj, by order of the king. Pt. 2s.Jiitcb'd. 

The entire works of Dr Thomas Sydenbam, newly made Engli/b- 
from the originals ; wherein the hiftory of acute and chronic difeafes^ 
and the fafeft and moft effectual methods of treating them, are faithful- 
ly, clearly, and accurately delivered. Illuftrated with explanatory and 
pradical notes, from the bed medicinal . writers. To which is added* 
The author's life, and a copious index. By yohtt Swan, M. D. Pr. 6s. 

A new method to obtain the knowledge of the Hebrew tongue fpce- 
dily and without a mafter, for the ufe of the Englijh fchotar. To which 
is affixed, a praxis of reading, together with an cfTay to recover the 
rhetorical power of its accent-inftruments for intcrpretmg of fcripture, 
uled by the divinely infpired pen-men under the Old Teflament ; being 
a key to a critical analyfis of^all the Hebrew znd Cbaldaic words in the 
fiible. hy Jrtdrew BurreLM.A, Price 2 j. Sd. 

Sir Ifaac Newton*a philofophy explained for the ufe of the ladies. 
In fix diali^es on light and colours. From the Italian of Sig. Al^rotti^ 
2 vols izmo. Price bound 5 j. 

Jufi publijhtd, (Price is. 6d.) 
Froa the French of the celebrated M. Maupertuis.- 

THE RUDIMENTS of GEOGRAPHY v wherein is ex- 
plained, the ril£ of that fcience, and l»w the motion of tlic tatth cime to be believed. 

An jtterapi todecermine thecatih's bigne&. The fyiWm of the world. How the experimenta 
m %nvUy mighc induce one to believe the earth Wss not fphetkil. The pheDomena to ptore iis 
fiai figure. Tbe meafiuei of Picard, CaHini and the mathemacidaiu bat to the oonh to deccr- 
mioe it. Whr degrees being (boner towardi the polci ttiia the equator, fuppoff the ettdi to be 
lengthened, and why dcgreei being longer fuppoCe it ro be flutetied towatda the poles. Hie gicu 
ufefulnels of icoowing the eatihV bigneft and figure. With a table of degreei of loD^iude tad 
iuiaOe, and Itt ctnitiuaun. friaccd foi £. Caw u St JobQ'a GaK< 
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